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Motivation

▪ Long time evolution of closed quantum systems not 
fully understood. 
!

▪ Cold atom system → Not only of academic interest. 
!

▪ Open questions in closed system quantum dynamics: 
!

i. Criteria for equilibration/thermalization. 
ii. Mechanism behind thermalization. 
iii. Properties of equilibrated states. 
iv. Definition for “quantum integrability”. 
v. Many-body localization… 

!
vi. Open systems… 

!
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Before take-off
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Interest in many-body systems: Large hilbert spaces - 
difficult to handle on a classical computer. 1 mole         
hilbert space dimension       , number of atoms in the 
universe       .  

!
Often universal (underlying symmetries) properties of 
hamiltonians (Random matrix theory) - independent of 
number of degrees of freedom. 

!
Large matrices also with few degrees of freedom, 
current case. 
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Outline

1. Quantum Thermalization. 
!

2. Integrability. Problems. 
!

3. Chaos. Problems. 
!

4. Localization and absence of ETH. 
!
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Quantum Thermalization
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Quantum Thermalization
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Open system

 

Breuer, Open Quantum Systems (OUP). 



Quantum Thermalization
Equilibration
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Srednicki, Phys. Rev. E (1994). 

Closed system

 

 

 

 



Quantum Thermalization
Equilibration
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Srednicki, Phys. Rev. E (1994). 

Closed system



Quantum Thermalization
ETH – Eigenstate Thermalization Hypotesis
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Rigol, Nature 2008. 



Quantum Thermalization
Thermalization

!!
▪ Which systems thermalize? 
!

Possible candidates: 
!

1) Quantum non-integrable systems. !
2) Chaotic systems. !!
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Integrability
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Integrability
101 Quantum Integrability
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Arnold, Mathematical Methods in Classical Mechanics 



Integrability
101 Quantum Integrability
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Caux, J. Stat. Mech. 2011



Spin-orbit coupled particle
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Scully & Zubary, Quantum Optics (CUP)

Integrability vs thermalization

Rabi Model



Spin-orbit coupled particle!!
▪ Is the driven Rabi model integrable? 
!

▪ Definition 3: Level-statistics. Two branches, neither Poissonian 
→ Non-integrable. 
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Level statistics of the Rabi model.

Integrability vs thermalization

Rabi Model

Larson, J. Phys. B (2013) (JC issue) 



Spin-orbit coupled particle!!
▪ Is the driven Rabi model integrable? 
!

▪ Definition 4: Avoided crossings. No vissible crossings → Non-
integrable. 
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Energies of the Rabi model.

Integrability vs thermalization

Rabi Model

Larson, J. Phys. B (2013) (JC issue) 



Spin-orbit coupled particle!!
▪ Is the driven Rabi model integrable? 
!

▪ Definition 64: Solvable. Braak (PRL 2011) says it might be 
solvable but not integrable, others say it is quasi solvable → 
integrable? 
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Integrability vs thermalization

Rabi Model

Larson, J. Phys. B (2013) (JC issue) 



Spin-orbit coupled particle
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Integrability vs thermalization

Rabi Model

Larson, J. Phys. B (2013) (JC issue) 



Chaos
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Classical chaos
Butterfly effect

 

20

Gutzwiller, Chaos in Classical and Quantum mechanics (Springer)



Classical chaos
KAM Theory
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Gutzwiller, Chaos in Classical and Quantum mechanics (Springer)

Poincaré section



Quantum chaos
Butterfly effect
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Unitary linear evolution

Peres, Quantum Theory, Concepts and Methods (Kluwer) 



Quantum chaos
Butterfly effect
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Zurek, Rev. Mod. Phys. (2003). 



Quantum chaos
Characteristics of quantum chaotic systems 
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Haake, Quantum Signatures of Chaos (Springer). 

Level repulsion

Kicked top



Quantum chaos
Characteristics of quantum chaotic systems!!

▪ Level repulsion → varying time-scales. !
▪ Level repulsion → ergodicity.  !
▪ Level repuslion → avoided crossings. 
!
!

!
!
!
!
!
!
!
!
!
!!
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Haake, Quantum Signatures of Chaos (Springer). 

Driven Rabi model



Spin-orbit coupled particle
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Poincaré section.

Chaos vs thermalization Rabi Model

Larson, J. Phys. B (2013) (JC issue) 



Spin-orbit coupled particle
 

27

Chaos vs thermalization Jahn-Teller Model

Larson, Phys. Rev. A (2009)  



Spin-orbit coupled particle
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Larson, Phys. Rev. A (2009). 

 

Jahn-Teller Model

Chaos vs thermalization



Classical dynamics
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Larson, Phys. Rev. A (2013). 

  

x x

Classical chaos

Chaos vs thermalization Jahn-Teller Model



Quantum dynamics
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Larson, Phys. Rev. A (2013). 

Full Quantum 

Truncated Wigner  
(Semi-classical)

Quantum Scars 
Remnants of periodic 
classical solutions.

Heller, Phys. Rev. Lett. (1984). 

Chaos vs thermalization Jahn-Teller Model

Ergodic and thermalization



KAM theory
!!

▪ ”Islands” may survive large integrability breaking perturbations. 
!! !

!
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Larson, Phys. Rev. A (2013). 

Chaos vs thermalization Jahn-Teller Model

Poincaré sections



KAM theory
!!

▪ Initiate a state in one island. 
!
!
!
!
!
!
!
!
!
!
!

▪ No thermalization: Not all eigenstates obey ETH.  
!! !

!
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Larson, Phys. Rev. A (2013). 

Chaos vs thermalization Jahn-Teller Model

Distribution after 
long time when initial 
state in a regular 
island.



Localization
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Ergodicity
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ETH revisited



Quantum interference!!
▪ Add disorder to your system. !
▪ Time inversion symmetry. !
▪ Enhance probability to scatter into 

the same state (factor 2) than an 
arbitrary state. !

▪ Quantum interference effect. No 
counterpart in classical systems 
(particles). 

▪ Strong localization, higher order 
interferences, vanishing 
conductivity. 

▪ Non-ergodic, no thermalisation,           
obeys area-law. 

!!!
!
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Anderson localization

Anderson, Phys. Rev. (1058). 

 

 

 

⇢̂A(t)

Strong localization
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Localization vs thermalization

Larson,  In progress. 

Lieb-Robinson
Magnetization
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Many-body localization

Larson,  In progress. 

!!
▪ Does interaction destroy 

localization, i.e. giving 
thermalization? - No! (In 
general not, but sometimes) 

!
▪ “Localization in Fock space”, 

Anderson problem on a hyper 
cubic lattice. 
!

▪ What are the loops causing 
localization?  !

!
!!!
!

Hypercube: Each vertex is connected to four 
other ones. MBL infinite number of edges!



Summary

▪ Classical vs. Quantum choas. !
▪ Possibilities to study closed quantum dynamics. !
▪ Equilibration and thermalization. !
▪ Not well understood: 

i. Criteria for equilibration/thermalization. 
ii. Mechanism behind thermalization. 
iii. Definition for “Quantum integrability”. 
iv. Open systems…
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Thanks!


