The Foucault pendulum

Old problem demonstrating the rotation of earth.

1 Problem

This is an old experiment invented by Foucault to demonstrate that the earth
is rotating. The idea of this assignment is to use the techniques of analytical
mechanics to explain how the Foucault pendulum works. Below I include
a problem with solution taken from a book. The problem is divided into
numerous steps. How you wish to structure your report is up to you, you
do not need to follow the same steps as in the book, nor do you need to
include all of them (that will be difficult within 4 pages). However, your
report should explain how with the pendulum it is possible to predict the
earth rotation. And you should use what you have learned in the course,
preferable Lagrangian mechanics.
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2.4. Foucault’s Pendulum
[Solution and Figure p. 79] * *

Study of a famous experiment in the Lagragian formalism

This experiment was realized, in March 31st 1851, with a 67 m pendulum
beneath the dome of the Pantheon; it was revived in 1902, after Foucault’s
death (1819-1868), by Camille Flammarion (1842-1925).

Let a simple pendulum of length [ and with mass m be located at a
latitude A (complementary angle between the vertical at this point and
the Earth’s rotation axis Z) on the Earth surface. The pendulum thus
moves on a sphere (Fig. 2.2). One wishes to study the effect of the Earth’s
rotation on the motion of the pendulum, in a very elegant way, using the
Lagrangian formalism. The effect due to the Earth’s revolution around the
Sun is neglected.

z Z

Fig. 2.2 Foucault’s pendulum. On the left hand side, the trajectory of
Foucault’s pendulum on the ground. On the right hand side, the position of the
pendulum on the Earth’s surface
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60 2 Lagrangian Systems

We will take as generalized coordinates z,y the deviations with respect

to the vertical along the south-north direction m and along the east-west

direction w.

1. In the limit of small deviations with respect to the vertical, show that
the potential energy to within a constant, is

x2+y2
21

Here g represents the acceleration due to gravity only, the direction of
which is the true vertical.

V(z,y) =mg

2. Give, with respect to the northerly axis n, the westerly axis w and the
true vertical (passing through the Earth’s center) z at this position, the
components of the pendulum velocity with respect to the Earth. One
neglects Z2. Why?

3. Give the components of the unit vector Z (rotation axis of the Earth, see
Fig. 2.2) on n and z.

4. Give the driving velocity due to the Earth’s rotation (radius Rg, angular
velocity €2). The term in z is neglected. Why?

5. Derive the expression of the kinetic energy and of the Lagrangian. One
neglects all terms containing the square of the Earth’s rotational speed,
except those containing the Earth’s radius. Justify.

6. Write down the Lagrange equations.

7. The equation for the x coordinate contains a constant term. Show that
it can be eliminated by the substitution & = =z — x.. Give the value of
the constant z. and its interpretation.

8. To solve the two Lagrange equations on an equal footing, the complex
function u(t) = Z(t) + i y(¢) is introduced. Show that the equation to be
solved is

i+ 2iQ sin A\ + gu/l = 0.

Rather than using a systematic method for finding the solution, it is
convenient to make the change of function u(t) = U(t) exp(irt).

Choose r and w as real numbers in order to obtain the equation U+
2
wU = 0.

What is the nature of the motion seen in terms of variables X, Y with
U=X+1iY?

Describe the motion in terms of variables x, y?

What happens at the pole and on the equator?
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Hints:

— The velocity of a point M, which is part of a solid and which rotates with
angular velocity €2 around the axis u is Qu x OM where O is any point
on the rotation axis.

— In the complex plane, the multiplication by exp(irt) rotates a point by an
angle rt. This method is known as the switch towards rotating axes. It
is also employed for a charged particle in a magnetic field.

— The equilibrium position is not the vertical at the point under considera-
tion (there exists also the centrifugal force which acts against gravity).

Alternative derivation

One works in the non Galilean frame n, w, z.

Express the Coriolis force (the centrifugal force is neglected).
Find the potential corresponding to the Coriolis force?
Write down the Lagrangian and the Lagrange equations.
Compare with the first method.

The Lagrangian is time-independent. What is the constant of the motion?
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Noether’s theorem.

2.4. Foucault’s Pendulum
[Statement and Figure p. 59]

1. Let us adopt the axis conventions represented in Fig. 2.2. In the labo-
ratory rotating frame, the point of suspension of the pendulum lies at
altitude [. At equilibrium, the pendulum mass is placed at the ori-
gin. For a small deviation # with respect to the vertical, the altitude
is 2 = (1 —cos ) ~ 0% /2. Let us perform an approximate calculation of
the gravitational potential energy: V = mgz ~ (mgl#?)/2. Furthermore,

OM? 2%+
PR

This leads to an approximate expression for the gravitational potential:

0% ~ sin® 0 =

x2+y2

21

V(z,y) =mg

2. The pendulum coordinates in the frame attached to the Earth are by
definition (x,y, z). The pendulum velocity in this frame is thus (&, g, 2).
For a small deviation from equilibrium, the coordinates z and y are of
order 14, whereas z is of order 162, hence negligible with respect to the
horizontal components. It is then fully justified to consider that the
motion takes place in the horizontal plane and that the relative velocity
is given by:

v, =2TNn+ yw.
3. The vector n is in the plane defined by the pole axis and the true vertical
z. As a consequence, the unit vector along the pole axis Z is in the plane

formed by the vectors (n,z). A simple analysis based on the various
projections shows that:

Z = cosAn +sin\z.
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4. The instantaneous rotation vector is directed along the pole axis: 2 =
QZ. Let My represent the coincident pendulum point at a given time.
The driving velocity is simply expressed as v. = 2 x OM,. Using the
definition

OMy=zn+yw+ (Rg+2)z

and the previous relation to express the instantaneous rotation vector,
one obtains the equation which gives the driving velocity:

ve = —QusinAn 4+ Q(zsin A — (Rg + 2) cos \) w + Qycos A z. (2.14)

5. The absolute velocity of the pendulum in the Galilean frame is obtained
by summing the relative velocity and the driving velocity given in Ques-
tions 2 and 4: v, = v, + v.. The kinetic energy is obtained from
T = %mvg. Taking into account the small value Q ~ 10~%rad/s, val-
ues around unity for z,y , the very small value of z and the very large
value of Rg ~ 10 m, one must retain in the expression for 7" the terms
Qx, Qy and RpQ? (order 107°) but one can neglect the terms Q222
0%y2, Qz and Q%22 (order 10710). Lastly, the Lagrangian L is the differ-
ence between the kinetic energy 71" and the potential energy as given in
Question 1. It is of the form:

1
L= 3m [9’52 + 9% — 2Qdysin A + 2Qy(zsin A — R cos \)

mg(z® +y?)

— 2 ] —
ReQ’zsin(2))] 57

up to an uninteresting constant mQ?R2 cos®> \/2 and in which we intro-
duced the effective gravitational field § = g — Q?Rp cos? A modified by
the centrifugal force.

6. We are concerned now by the Lagrange equations giving the motion in
the horizontal plane. Starting from the previous Lagrangian and applying
the traditional recipe (2.4), one obtains the equations of motion:

g
l
i+ 204 sin A + %y —0.

1
i —2Qysin A\ 4 Tx + §RE92 sin(2)\) = 0;

7. Let define © = = — x. and substitute this value in the first Lagrange
equation; the arbitrary value z. is then chosen in order to cancel the
constant term in the resulting equation. Owing to the fact that the
value RpQ? ~ 1072 m/s? is very small as compared to g ~ 10m/s?, it
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is legitimate to approximate § = g, in which case the result takes the
following form:

REZQZ sin(2)\)
2¢ ’
The set £ = 0,y = 0 is a solution of the equations of motion; indeed this
is the equilibrium solution. Thus at equilibrium, the pendulum is not

oriented along the true vertical, but along the apparent vertical, which
makes an angle

T 2
a~sina = -2 = RpO?sin —
l 2
with respect to the true vertical. This deviation is due to the centrifugal

force. It is maximum on the 45th parallel.

8. The coupled differential equations to be solved are rewritten:

%—2mnmA+%§=m

i + 2Q sin A + gl—y =0.
Let us introduce the complex variable u = & + iy. Multiply the second

Lagrange equation by ¢ and add the first one; the auxiliary variable u
occurs naturally in the unique differential equation:

u+mmmmA+%u:0

Let us put u(t) = U(t)e', substitute in the previous equation and choose
r = —Qsin A in order to get rid of the U term. Defining

l—l—QQsm A — 92Rl cos? \.

the resulting equation is written as U+ w?U = 0.

One has Q2 ~ 1079 s71 while Q?(Rg/l) =~ 1073 s~ 1. It is thus fully
justified to neglect the second term as compared to the third one so that:

r=—Q sin \;
w2 = QQRZ cos® A,

where wy = /g/l is the proper angular frequency of the pendulum in a

Galilean frame. The solution of the equation U + w2U = 0 is trivial and
gives U = X +iY = Ae™? + Be ™t
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It is always possible to choose the origin of time and the axis orientation
in order to obtain X (t) = Acoswt; Y(t) = Bsinwt. In this system of
reference, the pendulum describes an ellipse with an angular frequency
w. In the complex plane, the multiplication by e to switch from the set
X,Y to the set x,y is just a rotation of angle r¢t. In other words, the axes
of the ellipse turn slowly in time with the angular velocity |r| = Qsin \.

At the equator A = 0 so that » = 0 and

R
w = \/wg—Q2TE.

The pendulum oscillates with an angular frequency slightly smaller than
its proper value.

At the pole A = 7/2, then » = —Q and w = wy. The pendulum
oscillates with its proper angular frequency and the ellipse axes make a
complete revolution in one day (see Fig. 2.7).

Fig. 2.7 Different types of trajectories for the ellipse drawn on the ground for
three different initial release conditions. For these three cases r/w = 1/10. On
the left hand side, the pendulum is released with a
tangential velocity opposite to the driving velocity; in the middle,
the pendulum is released with no initial velocity and on the right
hand side one has a situation intermediate between the previous cases
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