Exercises CFT-course fall 2023, set 8.

. In this exercise, we will derive an ordinary differential equation for the four point func-
tion of ¢9; of the minimal models:

G({wi}) = (da(w1) P (wa) P (ws) o (ws)) = (w1 — wa) M (ws — wy) >"F(z)

(w1 —ws2)(w3—w4)
(w1 —wa)(wz—w2)

The level-2 null-vector condition translates into the following partial differential equa-

tions:
(m% 2D (e B W)) G{uwi}) = 0.
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where r = , and h is the conformal dimension of ¢y ;.

. Show, by considering the special values w; = 0,wy = z,w3 = 0o, ws = 1, that F(x)
satisfies

<x(1 s <2(1 —4h) | A(h - 1)$>&C C2h(2h+1) @ x>F($) 0
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. Show that the differential equation obtained in a. can be brought into the form of the
hypergeometric differential equation, by defining a function H(x) = f(z)F(z), such
that H(x) satisfies

(:1:(1 —x)0; + (2(1 —4h) | AUk - l)x)ﬁw + M) H(z) =0 (1)
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. Show that in the case of the Ising model, two independent solutions of the differential
equation (1) (with 7 = 1) take the form

by making a suitable (trigonometric) transformation.

Thus, the (chiral) four-point o-correlator of the Ising model takes the form

(0(w1)o (w2)o (ws) o (w))E = (wr — ws) Y3 (ws — we) V3(1 — z) 18 % |

. Majorana fermions with periodic and anti-periodic boundary conditions.

The mode expansion for free (Majorana) fermions reads 1(2) = > 1,27 Y2 or 1, =
Az =124 ().
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a. Show that the modes obey {¢n, ¥m} = dnim.o-

We will now consider periodic and anti-periodic boundary conditions for the fermion
¥(z) when z is moved around the origin: 1(e?*™2) = 41)(z). The modes n are half
integer n € Z + 5 in the periodic (P) case, and integer n € Z in the anti-periodic (A)
case.

b. Use the explicit mode expansions to show that
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) = ——
sl = ST VE
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It is given that

(z1w1)(22w2)>1/2 + ((zlwz)(zzw1)>1/2

(21 —w2)(22—w1) (z1—w1)(22—w2)

(o(w)(z1)Y(22)0(w2)) = %(wl — w2)1/8<

(21 — 22)

c. Consider (o(00)[t)(21)¥(29)|0(0)), where (0(00)| = limy, o0 (0]o(w)w?*; and argue that
o ‘changes the boundary conditions on ).



