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The word ‘origami’ consists of two Japanese characters – ori, which 
means ‘bend’ or ‘fold’ and kami, that is ‘paper.’

Wikipedia: The folding of two origami 
cranes linked together, from the first 
known book on origami, Hiden 
senbazuru orikata, published in Japan in 
1797

Origami (Paper folding)

Wikipedia
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Kirigami (cutting and folding) 
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Aim: personal health monitors 


and other biomedical devices, 


that require extreme mechanical 


deformations 


Stretchable and Foldable Silicon Integrated Circuits 
[Science 320, 507 (2008)]
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Dynamic kirigami structures for integrated solar tracking (GaAs Paper)

Nature Communications 6, 8092 (2015)
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CD =
ILH � IRH

ILH + IRH

Circular Dichroism 

Nano-kirigami with giant optical chirality 
Paper Gold

Sci Adv 4 (7), eaat4436.  (2018).
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Wearable technology: flexible transparent electronic device 

—Electronic skins

—human–machine interfaces

—Soft robotics

—Health monitoring

—entertainment technology

—Harvesting solar energy 

Yu et al., Sci. Robot. 5, eaaz7946 (2020) Nature Electronics 3, 711 (2020)
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Van der Waals Layered Materials


—Easy to incorporate in nanothecnology,

—Extraordinary mechanical properties: Y~1TPA

—Universal properties: Dirac materials, 

—High performance transport, 

—Exotic optical properties, 

—Strong many-body correlation: Twisted BLG 

—Nontrivial topology:  QSH in WTe2

Nature  499,  419 (2013)
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~N = ~rh
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z = h(x, y)

<latexit sha1_base64="w0tV/xRSgwC+/a5HA1r7rUgMC/4="></latexit>

Fb ⇡
1

2


Z
dxdy(~r · ~N)2

=
1

2


Z
dxdy(r2h)2

Graphene as a 2D elastic membrane 

<latexit sha1_base64="xQGC811VV7EmTZzAFh5B/n+tWiU="></latexit>

Ft ⇡ Y

Z
dxdy{

p
1 + |rh|2 � 1}

⇡ 1

2
Y

Z
dxdy|rh|2

<latexit sha1_base64="ooNAhMhcZeKPrdrcXT5mPv+HsME="></latexit>

Y2D = Y3Dt ⇠ 1012N/m2 ⇥ 10�10m ⇠ 100N/m

1 TPa 0.1 nm

Bending energy Stretching energy
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Föppl–von Kármán number vK 
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vK ⇠ 10(L/t)2

For large vK we can easily bend the sheet without energy cost for stretching.   

Y_2D: two-dimensional Young’s modulus ([Y_2D]=N/m)
kappa: bending rigidity ([kappa]=J) 
L: sheet side length 
t: sheet thickness  <latexit sha1_base64="mSfYKDBGMc1AnuZ4u3/3mHjD7VE="></latexit>

L ⇠ 100nm,

paper: t ⇠ 0.1mm ! vK ⇠ 10�5

graphene: t ⇠ 0.1nm ! vK ⇠ 107
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vK =
Y2DL2


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 ⇠ Y2Dt2/10
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Graphene kirigami
Nature 524, 204–207 (2015)
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Graphene as an electronic membrane

Europhysics Letters 84, 57007 (2008)

How curvature and strain can affect electronic structure of graphene?   
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Flexible and transparent devices

Extraordinary 

Young’s Modulus~1TPa

Highly flexible to 

out-of-plane deformation 

Ab initio: not practical for inhomogeneous strain 
Curve space field theory:  missing crystal symmetry
Tight-binding theory 

K.p (invariant) method
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Pseudo gauge field in hexagonal lattice
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~q � e ~A/~
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~q + e ~A/~

Uniaxial strain

Angle-resolved 

photoelectron 

spectroscopy


(ARPES) 
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Ax = �(~/ea)(uxx � uyy)

Ay = �(~/ea)(�2uxy)
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� = � @ ln t

@ ln a

Uniform pseudomagnetic field

Guinea, F., Katsnelson, M. & Geim, A. Nature Phys 6, 30–33 (2010)
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~B = ~r⇥ ~A

Nano Lett. 2010, 10, 9, 3551–3554



LDOS: Pseudo Landau Levels
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H = vF �̂ · (p+ eA)
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En ⇡ 35meV ⇥ sign(n)⇥
p
B[T ]⇥

p
|n|

5 10 15 20
n

1

2

3

4

En

Quantum valley Hall effect

K K’

K’ K
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B = r⇥A

E

DOS(ω)
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Pseudo Landau Levels

K. K. Gomes, et. al , Nature,483 306 (2012)
Nano Lett. 2017, 17, 2240−2245 

Nat Commun 3, 823 (2012)
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Starined BLG: Tight-binding Hamiltonian 

HR and Reza Asgari, Phys. Rev. B 88, 035404 (2013)
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Monolayer Bilayer

PLL in arc-shaped Bilayer Graphene

HR and Reza Asgari, Phys. Rev. B 88, 035404 (2013)
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Bilayer

Real B + Pseudo B

K K’

+ +

HR and Reza Asgari, Phys. Rev. B 88, 035404 (2013)



Relative twist of layers 
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PNAS July 26, 2011 108 (30) 12233-12237

Y. Cao et al. Nature 556,80 (2018),  Nature 556,43 (2018)



TMD: MoS2, WS2, … 
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M: Mo, W X: S, Se

M

X

X
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dz2
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dxy, dx2�y2

Nat. Mater., 13:207, 2012. 

Nature Nanotech., 7:699, 2012. 

Amazing 

excitons!

Spin-valley 

coupling!



25

j(t) = @tP (t)

P = � : ✏

Piezo (pressure) Electricity

Nature 514, 470(2014). 

Piezoelectricity
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hmax

R

Induced density in circular bubbles  
Nat . Comm 7, 12587 (2016).
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5

TABLE II: The numerical value of piezoelectric constant � [10�10C/m] obtained here (k · p method), and the previously
reported DFT (clamped-ion) and experimental results.

h-BN MoS2 MoSe2 WS2 WSe2
This work 2.91 2.29 2.14 2.74 2.03
DFT[6, 7] 3.71 3.06 2.80 2.20 1.93
Exp.[14] — 2.9 ± 0.5 — — —

III. DISCUSSION

A. E↵ect of inhomogeneous strain

In the following we consider the polarization induced in samples subjected to inhomogeneous strain. This is a
highly relevant problem due to the large number of recent experiments in which 2D crystals are subjected to a
non-uniform strain profile [18–22, 40, 43–45]. Neglecting, for long-wavelength deformations, the flexoelectric (i.e. a
term accounting for the polarization induced by the strain gradient [46]), we can generalize to the inhomogeneous
strain case the linear-response relation for the piezoelectric tensor: Pi(r) ⇡

P
jk �ijk"jk(r). Consequently the induced

charge density, following Eq. (1), reads ⇢(r) = en(r) = �r · P (r) ⇡ �� ẑ · [r⇥A(r)]. The dependence of ⇢(r)
on the strain tensor is the same as the dependence of the strain-induced pseudomagnetic field acting on electrons in
graphene. Unlike this case, the induced charge density has the same sign in the two valleys.

We can obtain simple estimates of the charge density induced by a variation in strain, �", over a length `. The
variation of the strain leads to r⇥A(r) ⇠ �"/`, so that n(r) ⇠ (�/e)�"/` ⇠ �"/(a0`). The materials considered here
can withstand large strains. In MoS2 or h-BN bubbles [22], the variations in the strain can be of order �✏ ⇡ 0.02 over
scales of ` ⇠ 300 nm, leading to n ⇠ 1011cm�2. Higher strain gradients, with maximum strains �✏ ⇠ 0.1 over short
lengths, ` ⇠ 10� 15 nm have been reported in graphene bubbles on metallic surfaces [40]. Similar configurations will
induce particle densities n ⇠ 1013cm�2. We notice that, for larger values of applied strain, second-order piezoelectric
e↵ects might be relevant for an accurate estimation of the induced particle density. This is the case in Zinc-Blende
[41] and wurtzite [42] semiconductors.

In order to illustrate further the charge induced by non-uniform strains, we discuss in detail the case of MoS2 and h-
BN bubbles described in [22]. The shape of these bubbles is determined by the competition between the elastic energy
of the 2D material and the van der Waals attraction to the substrate. We consider bubbles with radial symmetry.
The shape and internal strains are defined by the in plane and out-of-plane displacements, u(r), h(r). The form of
these functions are universal, and determined by the ratio hmax/R, where hmax is the height of the bubble and R is
its radius. The polarization vector for this case is given by P (r) = p(r)[r̂ sin(3✓) + ✓̂ cos(3✓)] where [26]:

p(r) = �
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Here, p0 = �(1 + ⌫)h2
max/R

2, with ⌫ the Poisson’s ratio, and ep(x) is a universal function which does not depend on
the material. The induced charge density is

⇢(r) = ⇢0e⇢
⇣ r

R

⌘
sin(3✓) (14)

where ⇢0 = p0/R and, as before, the function e⇢(x) is universal. This analysis is consistent with our previous estimates,
as �" ⇠ h2

max/R
2, and ` ⇠ R. The charge distribution is shown in Fig. 1. The charge density reflects the trigonal

symmetry of the lattice, and, as a result, it vanishes at the apex of the bubble, r = 0. We assume that the piezoelectric
layer slides and relaxes outside the region where it is detached from the substrate. As a result, the charge density
decays as r�3 outside the bubble. Note that the aspect ratio, hmax/R is independent of the size of the bubble, so that
the size dependence of the induced charge density is R�1. For � ⇠ 1 and hmax/R ⇠ 0.1, we find ⇢ ⇠ 107/R in units
of electron charge ⇥ cm�2. For R ⇡ 1µm, we obtain ⇢0 ⇡ 1011e⇥ cm�2. For more details, see [26]. Finally, a number
of schemes have been proposed to study gauge fields in graphene [47–49]. If the graphene layer in devices, such
as quantum emitters [20, 21, 25], was encapsulated in h-BN, the pseudomagnetic fields in graphene and the charge
density induced in the h-BN layers are proportional. For example, a pseudomagnetic field of one Tesla in graphene
implies n ⇡ 1011cm�2 .

In summary, we have performed a systematic study of the piezoelectric response of non-centrosymmetric hexagonal

P (r) = p(r)[r̂ sin(3✓) + ✓̂ cos(3✓)]
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S1. SYMMETRY CONSIDERATION

Within the linear response theory, the strain-induced polarization reads

Pi =
X

jk

�ijk"jk , (S1)

where P and " are the polarization vector and strain tensor respectively, and �ijk stands for the piezoelectric tensor
element. For the rank-3 tensor �, we can obtain the following symmetry relation [1]

X

i0j0k0

R†
ii0�i0j0k0Rj0jRk0k = �ijk , (S2)

where R stands for the matrix representation of a symmetry operator. Considering three-fold rotational, C3, and
vertical mirror, �v : x ! �x, symmetries in D3h point group —see Fig. 1, one can conclude

�xxx = �xyy = �yxy = �yyx = 0 ,

�yyy = ��yxx = ��xyx = ��xxy . (S3)

Notice that

R(C3) ⌘

2

4
� 1

2

p
3
2

�
p
3
2 � 1

2

3

5 , R(�v) ⌘

�1 0
0 1

�
. (S4)

Owing to the mirror symmetry, all tensor elements with an odd number of x Cartesian index are identically zero.
Considering the symmetry relations given in Eq. (S3), we can rewrite Eq. (S1) as follows

P = �yyyA ⇥ ẑ , (S5)

where

A = ("xx � "yy)x̂ � 2"xyŷ . (S6)

According to this relation the charge polarization is always perpendicular to the vector A.
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TABLE II: The numerical value of piezoelectric constant � [10�10C/m] obtained here (k · p method), and the previously
reported DFT (clamped-ion) and experimental results.

h-BN MoS2 MoSe2 WS2 WSe2
This work 2.91 2.29 2.14 2.74 2.03
DFT[6, 7] 3.71 3.06 2.80 2.20 1.93
Exp.[14] — 2.9 ± 0.5 — — —

III. DISCUSSION

A. E↵ect of inhomogeneous strain

In the following we consider the polarization induced in samples subjected to inhomogeneous strain. This is a
highly relevant problem due to the large number of recent experiments in which 2D crystals are subjected to a
non-uniform strain profile [18–22, 40, 43–45]. Neglecting, for long-wavelength deformations, the flexoelectric (i.e. a
term accounting for the polarization induced by the strain gradient [46]), we can generalize to the inhomogeneous
strain case the linear-response relation for the piezoelectric tensor: Pi(r) ⇡

P
jk �ijk"jk(r). Consequently the induced

charge density, following Eq. (1), reads ⇢(r) = en(r) = �r · P (r) ⇡ �� ẑ · [r⇥A(r)]. The dependence of ⇢(r)
on the strain tensor is the same as the dependence of the strain-induced pseudomagnetic field acting on electrons in
graphene. Unlike this case, the induced charge density has the same sign in the two valleys.

We can obtain simple estimates of the charge density induced by a variation in strain, �", over a length `. The
variation of the strain leads to r⇥A(r) ⇠ �"/`, so that n(r) ⇠ (�/e)�"/` ⇠ �"/(a0`). The materials considered here
can withstand large strains. In MoS2 or h-BN bubbles [22], the variations in the strain can be of order �✏ ⇡ 0.02 over
scales of ` ⇠ 300 nm, leading to n ⇠ 1011cm�2. Higher strain gradients, with maximum strains �✏ ⇠ 0.1 over short
lengths, ` ⇠ 10� 15 nm have been reported in graphene bubbles on metallic surfaces [40]. Similar configurations will
induce particle densities n ⇠ 1013cm�2. We notice that, for larger values of applied strain, second-order piezoelectric
e↵ects might be relevant for an accurate estimation of the induced particle density. This is the case in Zinc-Blende
[41] and wurtzite [42] semiconductors.

In order to illustrate further the charge induced by non-uniform strains, we discuss in detail the case of MoS2 and h-
BN bubbles described in [22]. The shape of these bubbles is determined by the competition between the elastic energy
of the 2D material and the van der Waals attraction to the substrate. We consider bubbles with radial symmetry.
The shape and internal strains are defined by the in plane and out-of-plane displacements, u(r), h(r). The form of
these functions are universal, and determined by the ratio hmax/R, where hmax is the height of the bubble and R is
its radius. The polarization vector for this case is given by P (r) = p(r)[r̂ sin(3✓) + ✓̂ cos(3✓)] where [26]:
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Here, p0 = �(1 + ⌫)h2
max/R

2, with ⌫ the Poisson’s ratio, and ep(x) is a universal function which does not depend on
the material. The induced charge density is

⇢(r) = ⇢0e⇢
⇣ r
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⌘
sin(3✓) (14)

where ⇢0 = p0/R and, as before, the function e⇢(x) is universal. This analysis is consistent with our previous estimates,
as �" ⇠ h2

max/R
2, and ` ⇠ R. The charge distribution is shown in Fig. 1. The charge density reflects the trigonal

symmetry of the lattice, and, as a result, it vanishes at the apex of the bubble, r = 0. We assume that the piezoelectric
layer slides and relaxes outside the region where it is detached from the substrate. As a result, the charge density
decays as r�3 outside the bubble. Note that the aspect ratio, hmax/R is independent of the size of the bubble, so that
the size dependence of the induced charge density is R�1. For � ⇠ 1 and hmax/R ⇠ 0.1, we find ⇢ ⇠ 107/R in units
of electron charge ⇥ cm�2. For R ⇡ 1µm, we obtain ⇢0 ⇡ 1011e⇥ cm�2. For more details, see [26]. Finally, a number
of schemes have been proposed to study gauge fields in graphene [47–49]. If the graphene layer in devices, such
as quantum emitters [20, 21, 25], was encapsulated in h-BN, the pseudomagnetic fields in graphene and the charge
density induced in the h-BN layers are proportional. For example, a pseudomagnetic field of one Tesla in graphene
implies n ⇡ 1011cm�2 .

In summary, we have performed a systematic study of the piezoelectric response of non-centrosymmetric hexagonal
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⇢(r) = �r · P (r) = ��[r⇥A(r)]z x = r/R
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TABLE II: The numerical value of piezoelectric constant � [10�10C/m] obtained here (k · p method), and the previously
reported DFT (clamped-ion) and experimental results.

h-BN MoS2 MoSe2 WS2 WSe2
This work 2.91 2.29 2.14 2.74 2.03
DFT[6, 7] 3.71 3.06 2.80 2.20 1.93
Exp.[14] — 2.9 ± 0.5 — — —

III. DISCUSSION

A. E↵ect of inhomogeneous strain

In the following we consider the polarization induced in samples subjected to inhomogeneous strain. This is a
highly relevant problem due to the large number of recent experiments in which 2D crystals are subjected to a
non-uniform strain profile [18–22, 40, 43–45]. Neglecting, for long-wavelength deformations, the flexoelectric (i.e. a
term accounting for the polarization induced by the strain gradient [46]), we can generalize to the inhomogeneous
strain case the linear-response relation for the piezoelectric tensor: Pi(r) ⇡

P
jk �ijk"jk(r). Consequently the induced

charge density, following Eq. (1), reads ⇢(r) = en(r) = �r · P (r) ⇡ �� ẑ · [r⇥A(r)]. The dependence of ⇢(r)
on the strain tensor is the same as the dependence of the strain-induced pseudomagnetic field acting on electrons in
graphene. Unlike this case, the induced charge density has the same sign in the two valleys.

We can obtain simple estimates of the charge density induced by a variation in strain, �", over a length `. The
variation of the strain leads to r⇥A(r) ⇠ �"/`, so that n(r) ⇠ (�/e)�"/` ⇠ �"/(a0`). The materials considered here
can withstand large strains. In MoS2 or h-BN bubbles [22], the variations in the strain can be of order �✏ ⇡ 0.02 over
scales of ` ⇠ 300 nm, leading to n ⇠ 1011cm�2. Higher strain gradients, with maximum strains �✏ ⇠ 0.1 over short
lengths, ` ⇠ 10� 15 nm have been reported in graphene bubbles on metallic surfaces [40]. Similar configurations will
induce particle densities n ⇠ 1013cm�2. We notice that, for larger values of applied strain, second-order piezoelectric
e↵ects might be relevant for an accurate estimation of the induced particle density. This is the case in Zinc-Blende
[41] and wurtzite [42] semiconductors.

In order to illustrate further the charge induced by non-uniform strains, we discuss in detail the case of MoS2 and h-
BN bubbles described in [22]. The shape of these bubbles is determined by the competition between the elastic energy
of the 2D material and the van der Waals attraction to the substrate. We consider bubbles with radial symmetry.
The shape and internal strains are defined by the in plane and out-of-plane displacements, u(r), h(r). The form of
these functions are universal, and determined by the ratio hmax/R, where hmax is the height of the bubble and R is
its radius. The polarization vector for this case is given by P (r) = p(r)[r̂ sin(3✓) + ✓̂ cos(3✓)] where [26]:
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Here, p0 = �(1 + ⌫)h2
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2, with ⌫ the Poisson’s ratio, and ep(x) is a universal function which does not depend on
the material. The induced charge density is
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where ⇢0 = p0/R and, as before, the function e⇢(x) is universal. This analysis is consistent with our previous estimates,
as �" ⇠ h2

max/R
2, and ` ⇠ R. The charge distribution is shown in Fig. 1. The charge density reflects the trigonal

symmetry of the lattice, and, as a result, it vanishes at the apex of the bubble, r = 0. We assume that the piezoelectric
layer slides and relaxes outside the region where it is detached from the substrate. As a result, the charge density
decays as r�3 outside the bubble. Note that the aspect ratio, hmax/R is independent of the size of the bubble, so that
the size dependence of the induced charge density is R�1. For � ⇠ 1 and hmax/R ⇠ 0.1, we find ⇢ ⇠ 107/R in units
of electron charge ⇥ cm�2. For R ⇡ 1µm, we obtain ⇢0 ⇡ 1011e⇥ cm�2. For more details, see [26]. Finally, a number
of schemes have been proposed to study gauge fields in graphene [47–49]. If the graphene layer in devices, such
as quantum emitters [20, 21, 25], was encapsulated in h-BN, the pseudomagnetic fields in graphene and the charge
density induced in the h-BN layers are proportional. For example, a pseudomagnetic field of one Tesla in graphene
implies n ⇡ 1011cm�2 .

In summary, we have performed a systematic study of the piezoelectric response of non-centrosymmetric hexagonal
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Summary 

A. van der Waals layered materials provide a rich platform for 
nano-kirigami (origami) technology and flexible optoelectronic


B. 2D materials’ electronic properties are highly sensitive to 
lattice deformation (strain): e.g. Pseudo Landau Levels 


C. Relative rotation (twist) can lead us to exotic strongly 
correlated phases in 2D material’s heterostructure


