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Lecture 4

Bound states
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. Generic properties of bound states
. Bound states

- electromagnetic
- strong

. Strong force potential
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Bound states

. A particle in an infinite potential well

. An electron and a proton in a hydrogen atom
. Neutrons and protons in a nucleus

. Quarks in a proton
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Three generic properties of bound
states
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Particle in an infinite potential well

(X X)) Classical n=1
Asi Al e’
= Asin p x =
o Pr 2 [
\ )
Standing waves built from o n=3
iPoX PuX
travelling waves e " ,e " N\ '\ /N

p’ \_./ \/

Quantised energy : E =

2m —>

Property #1
Energies of bound states are quantised !
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. What hap
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nens If t

narticle

ne well Is reduced In width ?

nave more or less energy ?
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AXAp~h ; AX~L = Ap~%

Shrink L = Increase Ap

DX P
h —e h

21

Eg ground state: y, = Asin px=A

Two travelling waves, momenta = p,, p,
= Ap= pl_(_pl)~ P

h
:>p1~t

= Property #2
Particle momentum in a bound state increases as size decreases !
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Excited states

Nature wants a bound state to fall to the ground state.
Coanbinium

E
A

,,,,,,,, G
AEAt ~ 7
Lifetime of state 7 ~ At

EI
Finite 7
width Width of state: AE ~—
% } At
Eﬂ Sharp

Property #3

Excited states are unstable :

(1) decay by the emission of a particle, eg photon.
h

(2) have finite liftetimes and a finite width AE ~—

The ground state can also be unstable.
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Generic properties of bound states

. Quantised energy levels
. Increased momentum of constituents as size Is

reduced

. Unstable excited states with an energy width.

. Detalls, eg energy values, momenta, widths

depend on the system and the force.
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Hydrogen atom

Consider an electron around a proton (at the origin).

-ivzw(r) +V(r¥Y =E¥ \
2m,
_ez e'
V(r)= , m, =electron mass s
Arg,r , s
Solution wave function of electron: P s I

\Pnlm = Rn,l (r)YIrn (9’ ¢) ‘

. m_e
Bound state = electron energy quantised: E = —
32(7g,) N’

Electron orbital angular momentum quantised:
L? =1(1+1) L =m (1<m <)

Its also quite wrong for (at least) two reasons.

FK7003



The first reason — two body motion

The proton also has a (tiny) angular momentum. Le
We should talk about both particles motion about e-
their common centre of mass and orbital angular P 7
momentum of the system. y 7 r
’
110> o0 o o o8 0

) PN P PN BN R

2me axl ayl azl aXz 8yz a22

V(N (X0 Y10 20 %o, ¥ar 2, ) = EY (X0 Y10 20, %, Y0 Z,) p\ Lp

A two body system — reduce to a one body problem
[m,,m, rotating around a common centre-of-mass|to a one body problem.

. m,m . .
Orbit of a reduced mass 4 = ——%— around origin at distance r.
m, +m
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P CM
\-‘; (STANDS STILL)

INTERACTING
TWO-BODPY SYSTEM
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STANDS STILL

J

(CM

CENTER OF MASS-
REDUCED MASS SYSTEM

__mm,
m, +m,
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Motion around the centre-of-mass3,2

Two particles of the same mass
In a bound state.

A light and a heavy patrticle in
a bound state.

FK7003
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Using reduced mass

m,m_
Use reduced mass u =
m, +m_

-ivqu(r) +V()¥Y =E¥Y

2p
e’
Quantised energy levels: E, = — . P
32(7[6‘0) n2 O

Angular momentum quantised: L* =1(1+1) L,=m, (-I<m <I)

. _ m.m
Of course very little effect since u ~ > ~m,

m
p
FK7003
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The second reason — fine and hyperfine structure

Binding energy [eV]
‘ - -
Fine Hyperfine
O Jp—
» "0 —1—293[2 ".._‘
4l g; —{‘ 4.5:105ev ‘
- “\‘=:2’1'2 :‘E; o 17’10.76
20412 ‘~—(‘,
8}
12k : Hyperfine structure:
By L R 18,0 = ‘ stw"ov Magnetic moments of proton and electron interact (spin-spin)
~“_'° ‘ N N
16} \AE:i(se-sp)
m,m,
Hydrogen Most relevant for this lecture! Breaks the
degeneracy of the ground state. Study simple | =0 states.
s
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Positronium

Look for a model of a g system.
Try positronium e’e” - analogous to hydrogen e p

In classical language the e* and e rotate around their centre-of-mass.
Use analogy and earlier mathematics to work out energy levels in positronium.

m,m, m, m
Mooy = = Hy
pos me+me 2 H e
Hy 4
4 - 4 ——€ H
H - Er:" _ —Hy€ EPos _ lupose N 2 — N En

32(ze,)'n? " 32z, )02 32(mg, )t 2

-

positronium
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Positronium energy levels

Binding energy [eV] Binding energy (eV]
u s
f
0 S o— Olcrsecccccccccncarcnnccsaccccccnncan
cn——— " 45
o %Par2 T e | 3§ —— —2351
2 S, 5 " 2g )’ . 2% |
4} 2p 5 kb 2 2P _‘\‘ b e 2:P1 10%ev
B % e 284 5 .;:._‘é 17107ev | —2's, 2°Py
——Pie Vee )
8} 0 4}
3
12k ‘ i vy = . —'511
[ 15— e 15“,2 ':’ 8-10 gV I8 1S —: 8-10'4 \'J
—p j OP—, !
-16 un '8 i 0
rogen Positronium
Energy level hydrogen ~ 2x enw®ggy level positronium (reduced mags).
Hyperfine/spin-spin structure:
AE. =P . AE =L(§ oS )= AE, << AE
H mem P mm e p H P
p e e
o, Not tiny/hyperfine for positronium since m; >>m,.
Fule FK7003



State can have spin and orbital angular momentum. State J
n=1 | 1S, 0
Lowest two states: 3
°S, (n=1) -orthopositronium ; 'S, (n=1) - parapositronium S1 1
n=2 | 1§, 0
Spectroscopic formalism: 3S 1
(*"L; ; j= total ang.momentum quantum number 1
| 1p 1
S = spin quantum number, 1
2s +1=total number of spin states. 3P 2
L=S,P,D.. (standard notation). 3 32
S:(1=0), P:(I=1), D:(1=2) 1 1
3P
0 0
o o
3 FK7003
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The strong force

. Apply what we’ve learned for hadrons to
understand how the strong force works.

FK7003
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Hadrons and the strong force

meson

The electromagnetic force is easy..

We understand it at macroscopic level and apply it within
guantum mechanics.
= Predict atomic spectra, positronium....

The strong force is more challenging.

It does not appear at the macroscopic level.

Only operates at distance scales ~ fm

It is so strong that perturbation theory (Feynman diagrams)
can't be used to predict basic phemenoma such as the
formation of hadrons and confinement of quarks.

Use hadron spectra (quarkonium) to extract the form of the
strong potential.

20



Quark masses

Quark mass is a nightmare to think about. Its not an observable.

Two ways to think about it.
(1) Bare/intrinsic mass.
Rough definition:
The mass a quark would if we could measure
it as a free particle - from calculations based on
hadrons masses.
2m

ObS” u—bare +md—bare ~ 2X4+7
m 1000

p
— proton mass comes from quark m

binding between quarks.
(2) Effective/constituent mass.
Absorb interactions and motion of quarks into
effective masses:
2M o + My i N 2x 360+ 360 <1

m 1000

p
Use definition (1)

~0.02 tiny !

{

and the{

ARKS (Spin })

Flavor

Mass (speculative)

Effective

In baryons In mesons

- ph LR

7.5

42

150

1100
- 4200
171000

} 363 310

538 483
1500
4700
N/A
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Quarkonium

Quarkonium - meson consisting of qQq
Consider no(uU,dJ) and J/y (cc).

We want to work in non-relativistic guantum mechanics.

Which (if any) states can be treated non-relativistically ?



(Mass in MeV/c? Lifetime in Seconds; Charge in Units of Proton Charge.)

PARTICLE DATA

QUARKS (Spin 1)

BARYONS (Spin §)

Flavor Charge Mass (speculative)
Bare Effective
In baryons In mesons
) . d -1 7.5 }
First generation { . .2 363 310
. 5 = 150_ 538 483
Second generation { = + 1 i gg I 1500
. . { b -1 4200 4700
Third generation : +3 23,000
LEPTONS (Spin )
Lepton Charge Mass Lifetime Prindpa_l decays
. e -1 0.511003 o0 —_—
First ge_nemtwn { o 0 0 - _
N . P -1 105.659 2.197 X 107¢ ev,ve
Second generation { - 0 0 - 3 .
] . T -1 1784 33X 107 WPy @ e PV
Third generation { 4 o I o - o
MEDIATORS (Spin 1)
Mediator Charge Mass Lifetime Force
gluon 0 0 o strong
photon (v) o 0 @ electromagnetic
w* *1 81,800 unknown (charged) weak } electroweak
zZP 0 92,600 unknown (neutral) weak

Baryon Quark content Charge Mass Lifetime Principal decays
NP uud +1 938.280 @© —
{n udd 0 939,573 900 pei,
A uds 0 1115.6 263X 107 pr~, na"
z* uus +1 1189.4 0.80 % 107 p°, nxt
z° uds 0 1192.5 6% 107 Ay
= dds -1 11973 148X 107" nw"
E° uss 0 1314.9 290 % 1071 Ax®
on dss -1 1321.3 1.64 X 1071¢ Ax~
AY ude +1 2281 2X 107 | not established
BARYONS (Spin )
Baryon Quark content Charge Mass Lifetime Principal decays
A utey, und, udd, ddd | +2, +1,0, -1 1232 06x10°3 | N
3+ uus, uds, dds +1,0, -1 1385 2X10% | Am Ex
o uss, dss 0,-1 1533 TX107# | En
o 555 -1 1672 082X 10°° | AK- E%, Enf
PSEUDOSCALAR MESONS (Spin 0)
Meson Quark content Charge Mass Lifetime Principal decays
™ ud, dii +1,-11 135569 | 2.60x10°° uo,
° (uit — dd)/V2 0 134.964 8.7% 107" vy
K= uF, sii +1, —1 493.67 1.24 % 107® pv,, w0, wtntwT
K30.892X 107 | 7*7-, °2°
_ .892 X 1 =
k®. K a5, sd 0.0 497.72 { Ki 518 % 10°¢ :e:,. rp:,. TR
n (uit + dd — 2s5)/V6 0 548.8 7X107" PR L A 2
7 (uit + dd + s5)/V3 0o | 9576 3% 1072 e, 6%y
D* od, dé +1,-1 | 1869 9x 1078 Err
D®, p* o, uf 0,0 | 1865 4x 10" Knw
F* (now D3) | c5, s +1,~-1 | 1971 31078 not established
Bt ub, bi . +1,-1 | 5211 ..
B, B° b, bd 0,0 |s275 LG 2R
Me i 0 2981 6% 1078 KKr, wem, f'nr
VECTOR MESONS (Spin 1)
Meson Quark content Charge Mass Lifetime Principal decays
’ ud di, (ui— dyV2 | +1,-1,0 770 | 04%x102 | #x
K* us, sil, ds, sd +1,-1,0,0 892 1X107% | Kr
w (uid + dd)/\2 0 783 7% 108 | #*pal x°
| q;f: 55 0 1000 | 20X 10" X,
g -E&— g Kil-7. _Lﬁ.].ﬁlqr'm AT
od, dc, cit, uc +1,-1,0,0 | 2010 | >1x10° Dx, Dy
T bb 0 9460 2% 1070 | o, pty, ete
1
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Hadron size: r~10"m

R 107

~ 10" """ 10 ®kgms™

Quark momentum : p

p=ymv, m,,~5MeV/c’~10" kg ; m, ~1.10 GeV/c* ~2x10 kg

-t

10
[ 10-19 _ ] 9
10_29 ~10° ms™* | 7°(ud,dd)| :
_p |10
="~ 7
M 07 o0 mst [Ify(cc X
207 " ms* [ w(cc)]_ : |
4 /
3 / -
2°(um,dd ): yv>>[c=3x10° ms™ | = relativistic | I
~quark mass 5+5 5 — —

> ~ 7%
- Mmass 130

Jly(cT): yv<< [c =3x10° ms‘l} = non-relativistic
~quark mass 1.1+1.1
" J/y mass

Heavy quarkonia : non-relativistic motion and smaller contribution

of the strong force to heavy hadron mass.

)
S iy

“ w02
= 5
v ]

~70%

Oy

24

N

7z,
/Vf} + gt



Heavy guarkonium states

Charmonium (ct) and bottomium (bb) contain
heavy quarks undergoing non-relativstic motion.

= Use Schrodinger equation:

-ivhy(r) +V(r)¥Y =E¥
2p

Splitting in hadrons ~1 GeV
Splitting in H -atom ~ 10 eV
Huge difference ~ 10°

— Strong force potential V (r) can be extracted.
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Bottomium
T Family
4s 5D
38 oo end
|

3D

2’s, S

2P
zzzzZzZZzzz;
059
1°S, IS
Charmonium
¥ Family
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Question

Charmonium Draw a Feynman diagram of a possible

o 5 decay of y(2S)
4.5 38l N .
5D
4°p, o
No A
% 40 3
p 2331 3D
» T
S 35 2%
= P
135,
30L
tm‘%
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Mass states for different potentials

3s 3p 3s
23 2p 3p
25
2p
1 . 5
Coulomb V o = Oscillator V ocr

r
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Potential of the strong force

: , Data are consistent with

g a
> r
e ]
o} or
.
X V(r)=aln(br)

-] k
0.0 ﬂ:5 B 1.'0 B 1.5
r {(fm)

Both curves in good agreement between 0.2 and 1fm.

Need to study the strong force over distances >1fm to get good discrimination
between parameterisations. Nature doesn't grant us this!!
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Question

The strong force potential V(r) =—— +br} is plotted for heavy quarkonia.
r
I+ 4
&}
= ot 1
= 1
—-1F -
0.0 ' 05 10 B 1.5

r {(fm)

Estimate the force between a quark and anti-quark separated by a distance of 1fm.
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V(r)=—§+br

The term _a is negligibler > 0.5 fm
r
1 GeV

Atr=1fm V(r)~br
N e
or
-10
b~ 1.1x1.602 X_llg o 2%10° N
0.85x10 . : .
0.0 0.5 1.0

0r

V(r) (GeV)

|
el
T

A quark trying to escape a meson at 1fm
separation must beat a force equivalent ?

to lifting a 20 ton weight.
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Confinement

Heavy guarkonium shows that the quarks are very tightly bound
In hadrons.

This is consistent with our non-observation of free quarks.
It does not show that free quarks can never be observed.

- It would have to be shown that infinite work is needed to pull
out a quark.

- We only have information on the strong potential over a
small distance (~fm)

Understanding/proving quark confinement remains a major
open question in modern physics.

FK7003
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Summary

. Bound states

- Quantised energies
- Transitions/decays between states
- Higher momenta for constituents as size reduces

. Strong force

- Positronium as a model
- Use for heavy quarkonia
- Strong force potential

. The strong force is special and strange !
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