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Newtonian Mechanics 1

Newtonian mechanics = vector mechanics

Newton’s laws

I. “Law of inertia”
II. “Force law”

III. “Law of action and reaction”

In an inertial system we have
d R :
—p(t) = F(r,rt
pn (t) ( )

Coordinate systems

Cartes. coord. Cylindrical coord. Spher. coord.

(z,y, 2) (p, ¥, 2) (r,0,¢)
r=uxx + yy + 2z r=pp+ 2z r=r1rr
vT=uxx + 9y + 2z U= U=
a=zx+ yy + 2z a= a=



Newtonian Mechanics 11

Central forces
F = f(r)r
J

. 2
E = Jur? + QLTQ + U(r) = const.

Y

Planar motion!

{ =7 x p=const. = ur2¢3z

Kepler's laws (for U(r) = é)

I.

— p
r(gp) — 14€cosp

II. 5r2¢ = const.

3
I11. % — const.
Conservative force fields
VXxE=0

if and only if F is a conservative force field.



Newtonian Mechanics III

Particle systems

mi = Z Fy; + F©
k1

(i) Law of the center of mass motion
. n —
M7 =S B
i

(ii) Momentum law (torque law)

d n 5 n _ _’(6)

ag E:li = §:7]><f%
i=1 i=1

(iii) Energy law

el (T +U) = Z 7 % F.(e)

Especially for an isolated system

const.

const.
const.

& S
|



Newtonian Mechanics 1V

2-body problem with a central force

() dr
p—po = =l
/"“0 r2,/2u(E — Uggr ()
l2
Uere(r) = U(r) + 22

If

o r(t) > rmin We have scattering states.
= We can learn about the potential by study-
ing the differential cross section,

do  b(6*) |db(6*)
dw  sing*| do*

e rmin < 7(t) < rmax we have bound states. Sym-
metric around SA and SP where S is the force
center, P is pericenter and A is apocenter.



Canonical Mechanics 1

Consider n particles with masses m; subject to A
independent constraints

Ix(F1,...,Th,t) =0 : A=1,...,/A

Generalized coordinates
A set of independent coordinates,

qk(t) Y k:]-)"')f) 9 f:3n_/\

that the constraints into account.

LLagrange’'s equations
Define

Then Lagrange’s equations are fulfilled

i a_L _a—L:O , k:].,,f
dt \ 9qy, Aqy,




Canonical Mechanics 11

Hamilton's equations
Define the Hamilton function

H(g,p,t) =) qrpr — L(g,4,1)
k
with the to q; canonically conjugated momentum
pr. given by
oL
Pk — ——
gy,

Hamilton’s canonical equations are then

OH .  OH
— = QL : _ =
Opy, oqy,

—Pk

We have gone from a system of f second order
differential equations (Lagrange) to 2f first order
differential equations (Hamilton).



Canonical systems and transformations

Canonical system

A mechanical system is canonical if it can be de-
scribed by a Hamilton function H = H(q,p,t) such
that Hamilton’s equations are fulfilled. o

Canonical transformations
A transformation

{q,p} — {Q, P}
H(q,p,t) — K(Q,P,t)

IS called canonical if it preserves the structure on
the canonical equations, i.e. if

_ oH

i = Bp, QZ — 8P
5 = oM 5 b _OK
v 0q; v 8@2

Remark. Both variables and the Hamilton function
are transformed.



Canonical transformations

Class

Class

Class

Class

A. Fy = Fi(q,Q,t) - generating function
OF OF OF
pi=—— ; P=-—- ; K=H+ -
dq; 0Q); ot
B. F» = F»(q, P,t) - generating function
OF> O0F» OF>
P = : =4 , K=H4 ——
P "og “i=%p * o
C. F3 = F3(Q,p,t) - generating function
OF OF OF
Gi=-—— ; P=-_—2>; K=H+-—_>
opi 0Q); ot
D. Iy = F4(P,p,t) - generating function
OF. OF. OF.
Gg=-— ; Q=_-- ; K=H+—_-
Op; OP; ot
X
- = (LF)(Q) = Y, Qe — F1
—F; = (LF)()) = Ya%— F
—Fs = (LF1)(¢,Q) = > ngg; + nggi — I



Hamilton-Jacobi’s equations 1

Hamilton-Jacobi’s time dependent equation

oS oS
H(Qiaa—q,t) +E =

gives the action function S(q,a,t) that with P =«
generates the canonical transformation (class B)

{g7127H} - {Q7E7K: O}

Hamilton-Jacobi's time independent equation

If %—[f = 0 we can write

oW
0q;
The canonical transformation can be derived from
the reduced action function W(g, a) in two ways:

1. Insert W(q,«) in S and let S generate the canon-
ical transformation.

2. Let W(q, a) generate the canonical transforma-
tion directly.

10



Hamilton-Jacobi’s equations II

Method 1 - transformation through S(g,a,t)

S
® =2 k=+L-0
0q; 8Pj ot

Hamilton’s equations give

{sz—ggj—o j{Pj:ozjzconst.

bi =

Q=2 =0 Q,; = B; = const.
The problem has the solution

{ qi(t) (B, a,t)
pi(t)

~ and g from the initial conditions
I
Method 2 - transformation directly through W(q, o)

oW oW
— : T =—— : K=H=F(P) =F«u
Hamilton’s equations give
Pj:_%zo N P; = a; = const.
Qj = §p = §. = vj = const. Qj = vit + B;

The problem has the solution

qi(t) qi(vt + B, )
pi(t) pi(vt + B, @)

o and B from the initial conditions

11



Action angle variables
1. Choose
P=J= %pdq : Q =w

2. Use Hamilton-Jacobi's characteristic (time in-
dependent) equation to get W(q, o).

3. Replace p with ‘g—g in the expression for J and
integrate

4. Solve for E from this equation and we have our
new Hamilton function K = E(J)

5. Hamilton's equations then give

:_ OK __

{J——aw—
- _ OK __ . __ _w
w_w_u_frequency_g

and we get get the angular frequency without
either deriving the canonical transformation of
motion explicity!

Remark. Can be generalized to multiple periodic
separable systems.
12



The phase space

Def. The phase space P to a canonical system is
the space of points z = {q,p}.

y timet

X time s

The equations of motion can be written
OH OH
{ op’ a dq }
In general, we can write the solution as Py ()

~

Flows in phase space

For a set of initial conditions {z}, the solutions
P s(x) describes a flow in phase space

13



Liouville’s theorem

Consider a set of initial conditions at time s. This
set occupies region Ug with volume Vs. At some
later time t, these points have moved to a region
U: with volume V;. Liouville’'s theorem them states
that V;, = Vs, i.e. the volume in phase space is
conserved.

Volume: V;
Y = Qs (x)

Volume: V, Liouville's theorem: V= V;

The volume in phase space is conserved!

14



Poisson brackets

Def. If f and g are functions of the canonical vari-
ables q and p, then

I (af g Of dg
ol = ; (3617; dp;  Op; 3%)

is their Poisson bracket.

Theorem. The transformation (q,p) — (Q,P) is
canonical if and only if

{ Qi,Q;] =[P, Pj] =0
[Qi, Pj] = ;5

Remark 1. The canonical equations can be writ-

ten
ir = G- = lap, H]
: H
Remark 2 If g = g(q,p,t) we have that
dg dg
Rt ,H -
pn lg, H] + 5

15



Rigid body motion

Ko
A K’
axes fixed axes fixed
in space in the body

K 4 inertial
system

/

Introduce a reference point S in the body (often
chose to be the center of mass) and divide position
vectors into two parts,

r=17g+x

T he velocity is given by
T=V+Ix7

with @ = the angular frequency.
16



Kinetic energy and the tensor of inertia

Now let S be the center of mass!

The kinetic energy can then be written
1
with

Trot: C_U)f(a_(j

1
2
where I is the tensor of inertia,

— Z m; 33—)' ) f' w_"f' ’ discrete case
I 1 1 1 1 171
T T — T D d3x , continuous case
J 1 ] p(Z)

Remark.
x; - &; - usual scalar product
x;x; - dyadic product

In the base system (Z,%,2), I can be represented
by a matrix,
= Iy I:L‘y Iy
= lyzs lyy Iy
Iz Izy I

17



Properties of the inertia tensor

e / is linear,

e / is symmetric,

Iy = Iy,

e It is always possible to rotate K’ such that Iis

diagonal,
S Ii 0 O
I = O I O
O 0 I3

The axes in the new system are called principal
axes. There are some symmetry rules that can
be used to find a principal system easily.

o If fisﬁcalculated in a system fixed in the body,
then I is constant.

18



Angular momentum

The angular momentum is given by

[ = Fo X M7 I
angular relative angular

momentum for momentum

CM
where
- Te=lolao=lsI
= —w-'l w=—Ww:-

rot > > rel

Remark. Ly is dynamically most interesting as it
does not depend on our choice of K.

19



Euler angles
30, K

R(?) = R3(¢)Re(0)R30(0)

R3o(¢) — rotate around the 3%-axis an angle ¢
R¢(0) — rotate around the £-axis and angle ¢
R3(y) — rotate around the 3-axis and angle v

Remark. In quantum mechanics, one usually makes
another choice of rotations and angles, («a, 3,7).

20



The equations of motion

For the center of mass, we have
d — —
—P = F;
dt .

1

For the rotation Euler’'s dynamical equations hold

—

No=1I"d+x1"-&

where
No =Y 7 x Fy
i

is the sum of the external torques. A prime indi-
cates that the quantity is calculated in the system
K’ with axes fixed in the body.

In a principal system, we get

Nz = Ipw,+ (I, — Iy&y)w;lyw;,z
Ny = ILywy+ Iy — I, )w,w
N, = 1 1 e

w can be expressed in terms of the Euler angles,
W', éqosw 4 q:bsinesinqb

/ —0siny 4+ ¢sinfcoso

w!, bpcosfd +

€
|
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Connections to quantum mechanics 1

T he correspondance principle

oL 0
pi == — —ih_—
0q; dq;
0] — - [@,5] = — (0 — )
w,v] — —[u,v] = — (uv — vu
th th

For a canonical variable, we have

dg dg
e — H ~J
r l9, H] + 5

In quantum mechanics, this becomes Heissenberg’s
equations of motion

dg TP~ dg

R H, —_J

dt T .3+ ot
which describes how an operator evolves in time in
the so-called Heissenberg picture.

22



Connections to quantum mechanics II

Start from the Schrodinger equation

_ _ 2
ih—=H¢y , H=-——V°+U
2m

Make the Ansatz
¥(q,1) = AeRS (@D
4

1 [0S\ it (828
KQm (8(]) + ]—I_c‘% m<8q2>

The right-hand side can be neglected if

1 (53) < (2
dq? dq
which can be rewritten as
dp/0q
p/(A/27)
I.e., if the wavelength is so short that the momen-
tum is almost constant over one wavelength, then

we get back Hamilon-Jacobi’'s equation from the
Schrodinger equation.

< 1.
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