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Introduction

More than one hundred years after the discovery of the electron, there is still no complete
understanding of the states of matter that can be formed in a system of electrons. In this
thesis we consider electron systems under so-called ‘quantum Hall conditions’. We propose
and study a number of novel states of matter that can be formed by electrons under these
conditions. Before we describe our work, we briefly discuss the discovery of the electron
and on the various quantum states that electrons can form.

In the last decade of the nineteenth century, the experiments of Joseph Thomson on
cathode ray tubes led to the discovery of the eleftréte introduced the electron with the
following words: “Electrification essentially involves the splitting up of the atom, a part of
the mass of the atom getting free and becoming detached from the original atom”. Also,
the experiments of Pieter Zeeman on the effect of a magnetic field on spectral lines and the
subsequent explanation of Hendrik Lorentz corroborated the discovery of Thomson. The
(anomalous) Zeeman effect played a crucial role in the determination of the properties of
the electron. This splitting of spectral lines under the influence of a magnetic field could
eventually be described by Wolfgang Pauli by making the assumption that there was an
additional quantum number in the problem. However, he did not clearly state to what this
guantum number relates. Independently, Ralph Kronig and George Uhlenbeck and Samuel
Goudsmit proposed that this additional quantum number is intrinsic to the electron; they
discovered the property of the electron which is nowadays capigd One more ingredient
is needed to be able to explain the spectra of atoms in a magnetic field, namely the famous
Pauli exclusion principle, which states that no two electrons can be in the same quantum
state. The spin of the electron and the Pauli exclusion principle are crucial ingredients in
theories of condensed matter systems.

At the Cavendish Laboratory (where Thomson performed his experiments) annual din-
ner a toast used to be offered on the discovery of the electron: “The electron: may it never
be of use to anybody.” Nevertheless, the electron changed society in a profound way, as the
operation of all electronic equipment is based on electrons.

The state of the electrons in a normal metal is understood in terms of the Fermi liquid,
whose properties are largely similar to those of a free electron gas. But, in roughly the
same way as ordinary water molecules can form different phases (namely the solid, liquid
and gas phases), a system of electrons can exist in states that are entirely different from the
free electron gas. In 1911, Heike Kamerlingh Onnes discovered the superconducting state



10 Introduction

in mercury by cooling it down to just 4 Kelvin above the absolute minimum. In this state

of matter, pairs of electrons can move frictionless through the metal. It took theoretical
physicists up to 1957 to explain this type of superconductivity. More states of matter have
been discovered. Here, | would like to mention a special class of superconductors, namely
the ‘high-temperature’ superconductors, discovered in 1986. These ceramic materials be-
come superconducting at much higher temperatures than the original ones discovered by
Kamerlingh Onnes. The state of matter formed by the electrons in these systems is poorly
understood at present.

In this thesis, we will concentrate on yet another class of electron states, the so called
guantum Hall fluids In 1980, Klaus von Klitzing, Gerhard Dorda and Michael Pepper
made a remarkable discovery. On performing Hall measurements on a system in which the
electrons are confined to a plane, they discovered that, at certain values of the magnetic
field, the longitudinal resistance of the system vanished and the Hall resistance showed
plateaux. The value of the conductance on these plateaux was equal to an integer times
the fundamental conductance quantum, giver&jayWhiIe this result came more or less
unexpected, this effect can (naively) be understood in terms of a theory of non-interacting
electrons in the presence of disorder.

In 1982, another type of quantum Hall states was discovered. By investigating very
clean hetero-junctions, Daniel Tsui, Horsb8her and Arthur Gossard discovered quan-
tized Hall plateaux with a quantized Hall conductance equal to a fractional value (namely
%) of the conductance quantum. The first big step of explaining this effect was made by
Robert Laughlin. He came up with an approximate (though very good) trial wave function
for the full, interacting many body problem. One of the most interesting consequences of
this theory is the existence of particles which caéfrgf the charge of the electron. In 1995,
this fractional charge was observedsimot-noiseexperiments.

Prompted by observations first made in 1987, Gregory Moore and Nicholas Read pro-
posed new states of two-dimensional electron systems which combine pairing of electrons
with the properties of the fractional quantum Hall fluids proposed by Laughlin. It is these
types of quantum Hall fluids which we will consider in this thesis.

1The references for this section are: E.N. da C. Andrade, [2]; J. Bardeen, L.N. Cooper and J.R. Schrieffer, [11];
J.G. Bednorz and K.A. Miler [2]; H. Kamerlingh Onnes[{51]; K. von Klitzing, G. Dorda and M. Pepp&tl, [64];
R.B. Laughlin, [67]; G. Moore and N. Read;[71]; W. Pauii)[Z4, [Z8, 79]; R. de Piccittal, [B0]; L. Saminadayar
et. al, [B9]; J.J. Thomson,[[97,08]; D.C. Tsui, H.L.@mer and A.C. Gossard—]99]; G.E. Uhlenbeck and
S. Goudsmit,[[T00]; B.L. van der Waerded [101]; P. Zeeman] [117].



Chapter 1

The quantum Hall effect

In 1980, K. Von Klitzing, G. Dorda and M. Pepper made a remarkable discouéry [64]. In
doing Hall measurements on a silicon MOSFET (metal-oxide-semiconductor field effect
transistor), they found that the Hall resistance, which is giverkRhy= % (see the left
panel of figurg T]1 for a sample setup) did not follow the classical behaviour, which would be
linear in the applied magnetic field. Instead, they found that at certain values of the magnetic
field, plateauxwere formed. At these plateaux, the Hall conductance was quantized very
precisely (precision nowadays is better than®) to an integer times the fundamental units

of conductance%. At the values of the magnetic field where the plateaux in the Hall
conductance are observed, the longitudinal voltage goes to zero. This effect is called the
integerquantum Hall effect.

Though this observation was completely unexpected, it can, naively, be explained in
terms of non-interacting electrons confined in a two-dimensional system, with a strong mag-
netic field perpendicular to the two-dimensional plane in which the electrons live. In these
systems, the electronic states organize themselvkandau levelswhich are highly de-
generate, while the states are extended. The Landau levels are separated by lakge gaps
(w, is the cyclotron energy), in comparison to the other energy scales in the problem, which
are the Zeeman and interaction energy.

With p (an integer) Landau levels completely filled, the Hall conductance is quantized to
OH = VLH = p%. To explain the plateau behaviour, the effects of disorder have to be taken
into account. The effect of the disorder is to localize some of the extended states, while
they are also shifted a bit in energy. By changing the magnetic field, one changes the filling
fraction and thus the Fermi-level. If the Fermi-level is in a region where only localized
states, which do not contribute to the conductance, are present, changing the magnetic field
does not change the conductance, and hence we observe a plateau. The regions where
the Hall conductance changes from one plateau to another correspond to magnetic fields
where the Fermi-level lies in the region of the extended states, which do contribute to the
conductance. To explain that, also in the presence of disorder, the Hall conductance is
guantized to an integer times the fundamental conductance quantum, one can use a gauge
argument [66/54]. Due to gauge invariance, adiabatically changing the flux by one flux
guantum will result in the transfer of charge from one edge to another. Ifnsalgctrons
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Magnetic field (T)

Figure 1.1: Left: schematic setup. Right: resistance measurements; figure takenfrom [28].

are transferred, this leads to a Hall conductange= n%-, also in the presence of disorder.
The quantization of the Hall conductance can be so precise as found in the experiments
because it is based only on gauge invariance and the presence of a mobility gap.

Remarkable as the integer quantum Hall effect is, nature showed its beauty by pro-
viding an even more astonishing state of matter. In extremely clean GBABIA .As
heterostructures, D.C. Tsui, H.L.@imer and A.C. Gossard observed a quantum Hall effect
at values of the magnetic field which correspond to a partially filled Landau level [99]. The
value of the Hall conductance at these plateaux was a sifrgagtéon of the fundamental
conductance quantuay = g% wherep, ¢ are small integers, whilg is odd This ef-
fect is called thdractional (or anomalous) quantum Hall effect. See fighre 1.1 for typical
resistance measurements on clean samples. This fractional quantum Hall effect can not be
explained using the ‘simple’ picture which was used above to explain the integer quantum
Hall effect, because in that picture, no gap can arise within a Landau level. The presence of a
plateau in the Hall conductance and the vanishing longitudinal voltage drop imply the pres-
ence of a (mobility) gap. The interactions between the electrons are crucial in the formation
of such a gap.

The first step in explaining the fractional quantum Hall effect was made by R. Laugh-
lin [67], who proposed a set of quantum Hall states, in the form of trial wave functions,
which were shown to capture the basic features of the fractional quantum Hall states. The
Laughlin wave functions are variational wave functions for the problem of two dimensional
interacting electrons in the presence of a magnetic field. The hamiltonian for this system is
as follows

T Z(—ihV-i—eAEM)z /d2 d*x  p)p). (1.1)

2me, dmelx — 2’|

The first term describes the kinetic energy of the electrons (witlthe (effective) mass of
the electrons andlgy; the vector potential for the magnetic field), while the second term
represents the Coulomb interaction(«) is the electron density in the two-dimensional
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system). In this description it is assumed that all the electrons are polarized by the strong
magnetic field. The Laughlin wave functions are obtained from this hamiltonian by doing

a variational calculation. There are certain constraints on the wave functions, namely, they
have to be antisymmetric under the exchange of any two electrons and they need to be eigen-
states of the total angular momentum operator. In addition, we assume that the interactions
are taken into account via a Jastrow factor, which is a two-body correlation, keeping the
electrons apart. This factor has the general f§fm(z; — z;). Taking these constraints into
account leads to the following form of the variational wave functions (using the symmetric
gauge in describing the magnetic field which is perpendicular to the plane of the electrons)

U ({zi}) = [[ (5 — 2)Me T (12)

1<j

where we used complex coordinatego represent the position of the electrons, while the
magnetic length] = ./% is the basic length scale. The quantum Hall systems these

wave functions describe have filling fraction= % They are not the exact ground state
wave functions for the Coulomb interaction, but they were shown to have very good overlap
with the numerically obtained ground state wave functions for a large class of repulsive
interactions. So studying these wave functions is a good starting point to study properties
of the quantum Hall systems at = ﬁ On should keep in mind however, that many
properties, such as the behaviour of the transition from one quantum Hall state to another,
can not be addressed in this way. What can be learned in this approach are properties of the
excitations over these gH systems, and they turn out to be very interesting.

Before we go on to discuss the properties of the excitations over the quantum Hall
systems, we will first briefly discuss the other fractional quantum Hall systems, at filling
fractionsy = 2, with p > 1. From the experimental plot in figuE]l.l, it can be seen that
all the fractions have andd denominator. The Laughlin states only describe a systems
of fermions whenM is odd. To explain the other quantum Hall systems, Jain proposed
a scheme in whicleomposite fermionplay a crucial role[[60]. In this approach, an even
number of flux quanta is bound to the electrons, to form the composite fermions. These
composite fermions effectively feel a reduced magnetic field, and can form a integer quan-
tum Hall system. The filling fraction of the original electrons becomes 5. Almost
all the fractions observed can be obtained in this way. Note that the filﬁng fractions in the
composite fermion scheme all have an odd denominator, related to the fact that the quantum

Hall systems are built from electrons.

1.1 Excitations in quantum Hall systems

Quasiholes in quantum Hall systems can be ‘made’ by locally increasing the magnetic flux
through the sample in an adiabatic manner. These quasiholes can be shown tdrheve a
tional charge, and also the statistics is fractional, in the sense that it interpolates between
fermi and bose statistics.

But before we come to the point of the statistics, we will first show how the fractional
charge of the quasiholes arise, in the case of the Laughlin states. So we are in a situation
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where the conductance of the system is completely off-diagonal, and quan’@lzedM o

o, = 0. If we now locally increase the magnetic flux through the sample by one flux
quantumd, = & ¢ (in a adiabatic fashion), this has the effect of expelling some charge form
this region. The amount of charge expelled is calculated tg,pe= 1\14 in units where

the charge of the electron ig;, = —1. The prediction of the existence of quasiparticles
with fractional charge has been confirmed for the- 1 5 Laughlin state by means of shot
noise experlment< [B0,189]. Later on, also quaS|hoIes with ch?lm/e been observed in
av=: 2 quantum Hall state [87].

Let us now turn to the statistics of these quasihole excitations. As said above, the ex-
change statistics of the quasiholedractional. It is only in two-dimensional systems that
particles which satisfy (braid) statistics other than the familiar fermi of bose statistics can
occur. In three dimensions (or more), different exchange paths of two identical particles
can be continuously deformed into each other. Thus, after two successive exchanges, we
come back to the original system, described by the same wave function. The phase factor
corresponding to the exchange of two particles has te-beln two dimensions, the sit-
uation is different, because the exchange paths can not be deformed into each other. The
reason is that one would have to pull the path through the position of one of the patrticles,
which is not allowed. Mathematically, this is explained in terms of the fundamental group
of the configuration space, which is euclidian space withunctures at the positions of the
particles. For a 2-dimensional system, this fundamental group isréié group while in
3 or more dimensions, it is the permutation group.

The Laughlin quasiholes transform according to a 1-dimensional representation of the
braid group5y. The phase factor the wave function picks up when two quasiholes are
exchanged can be calculated from the Aharonov-Bohm effect [1]. Due to the Aharonov-
Bohm effect, particles can interact via the gauge potentials (of for instance the magnetic
field), while the electro-magnetic fields themselves may vanish at the position of the other
particle. For the Laughlin quasiholes, the phase fa¢f®t corresponding to the exchange
is calculated to b& = ﬁ The fractionally charged quasiholes of the Laughlin state in-
deed satisfy fractional statistics. However, the statistics of these quasiholes has not been
measured directly, in contrast with the fractional charge.

Another interesting consequence of the fact that particles in two dimensions have to
form a representation of the braid group rather than the permutation group is that higher
dimensional representations can be possible (see, for instance, [44]). In this thesis, we will
see many examples of quantum Hall systems, where this is indeed the case. The study of
such quantum Hall systems was prompted by the observation of a quantum Hall effect at a
filling fraction with anevendenominator, which will be discussed in the next section.

1.2 Ther = 2 quantum Hall effect

All the quantum Hall states discussed so far had a filling fraction with an odd denominator,
which was explained via the hierarchy schemes starting with the Laughlin states. In 1987,
a first experimental indication was found of a quantum Hall effect at a filling fraction with
anevendenominator, namely = % In 1999, the corresponding Hall plateau was observed
[Z8], proving beyond any doubt that there is indeed a quantum Hall effect at filliag?,
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Figure 1.2: Thes = 2 plateau, figure taken froni{76].

see figurg 1]2. More recently, similar results were obtained for filling fraatien % see
[24].

The composite fermion and hierarchy schemes can not explain these quantum Hall sys-
tems, as they only cover states with an odd denominator filling. So it was clear immediately
that this quantum Hall system was different from all the others observed before. Many quan-
tum Hall states with peculiar properties were proposed to account for this effect. Among
these is the paired quantum Hall state of Moore and Read [71]. In this quantum Hall state,
the electrons are spin-polarized, and form pairs, similar to the Cooper pairs of BCS super-
conductivity. Though it was first believed that the quantum Hall state at 3 was not
spin-polarized, nowadays, the experiments point out that this quantum Hall state is indeed
spin-polarized[[75]. Also, at the same filling fraction, but at high(er) temperatures, where
the quantum Hall system has disappeared, Fermi-surface effects have been observed. This
indicates that there might be a Cooper instability, which cases the electrons to pair. Subse-
guently, these pairs might condense to form the paired state of Moore and Read. For more
on this, we refer to sectiofn $.2. The experiments outlined above, together with numerous
numerical evidence, has led to the consensus that the quantum Hall systems%at:an
be described by the paired quantum Hall state of Moore and Read, which will be dealt with
in great detail in sectiop 3.2.

One of the interesting properties of the Moore-Read state is that the quasihole excitations
over this state have interesting statistics properties. Due to the clustering of electrons, the
system in which quasiholes are present can be formed in more than one way. For instance,
if four quasiholes are present, the system can be in two different states (why this is so is
explained in sectiof 3.3). These states form a two-dimensional representation of the braid
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Figure 1.3: The = % plateau; solid curve]” ~ 15mK; dashed curve]' = 50mK. Figure
taken from [277].

group. Exchanging the particles gives rise to phase matrices, and it can be shown that these
matrices do not commutel7iL74] 95]. This form of statistics is therefore qadledibelian
statistics.

The second Landau level is special in the sense that quantum Hall effects occurs at a
filling fractions with an even denominator. Moreover, inl[27], it was found that around
this plateau other interesting states occur, which are shown in figure 1.3. In a sense, there
is a reentrant integer quantum Hall state, disjunct from the ordinary integer quantum Hall
plateaux. The nature of these states, which are also observed around filling ftacti@n
is unclear at this point.

In other half filled Landau levels, also very interesting physics is found. Let us first
take a short look at the lowest half filled Landau level. This system can be described as
a fluid of composite fermions, which live in the absence of magnetic field. They form a
compressible Fermi liquid, in which no quantized Hall effect is observed, no plateau or
vanishing longitudinal resistance.

In the higher Landau levels, another state is observed. This state shows a very aniso-
tropic behaviour in the longitudinal resistance and is called a striped phase,See [111] for a
study of the situation at = g (and references therein). This phase is observed at filling
fractionsy = 2,...12 and also at/ = 2, Z, when an additional in-plane magnetic field
is applied, but keeping the filling fraction, which is set by the component of the magnetic
field perpendicular to sample, the same. So many electronic states are observed at half filled
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Landau levels. Which state actually forms depends on the details of the energetics. We will
not address this interesting problem, but instead focus on the quantum Hall states similar to
the state which is now believed to form at fillimg= 3.

The observation of a quantum Hall effect at an even denominator filling fraction and the
subsequent description by a system which exhibits non-abelian statistics has led to a great
interest in quantum Hall systems with non-abelian statistics. In this thesis, we will describe
various of these quantum Hall states, which can also be characterized by a clustering of the
electrons.

Before we start with that discussion, we would like to point out another context in which
the clustered states were shown to be relevant. This is the arena of the rotating Bose-Einstein
condensates.

1.3 Rotating Bose-Einstein condensates

This section is the only section of this thesis in which the underlying particles are bosons
instead of fermions. Recently, it has become clear that some of the clustered states de-
scribed in this thesis can be relevant in the description of rotating Bose-Einstein condensates
(BECs).

The hamiltonian describingy weakly interacting atoms (bosons) in a rotating trap (with
angular velocitywz and trap frequencyy) is given by (see, for instancej24])

—mwz xr)?2  m
H = Z ( xr) + — ((W§ — W) (@ + ) +w022)>
+gZ(5 i — 1) (1.3)

i<j

Here, the coupling = 4wh2a/m, giving rise to the correct-wave scattering length. In

the limit of w ~ wy, this hamiltonian describes a two dimensional system of particles with
chargeg in a magnetic fieldB = (2mw/q)z (see alsoT10]). In these systems, a filling
fraction can be defined as the ratio of the number of bogérfa/hich occupy an areal)

and the average number of vortichy = 2mwA/h, thusy = Niv

The vortices which are formed in the rotating BEC systems form a vortex lattice when
the angular velocity is not to high. However, in the limitof— wy, this vortex lattice
melts, and the system becomes equivalent to the quantum Hall liquids.

The energy gap for a system withvortices was studied in-[24]. At various filling
fractions, incompressible states have been found via cusps in the (numerically obtained)
energy gaps. Among the fractions at which an incompressible state has been observed is
v= WhICh was interpreted as a (bosonic) Laughlin stafel[109]. However, incompressible
systems atfilingy = 1,2,2,2,3,2,4,2 5,6 also have been foundJ24]. These states
can not be described by simple Laughlin states, but based on overlap studies on the sphere,
these states were interpreted as bosonic versions of the Read-RezayilStates [85], which
are clustered analogs of the Moore-Read sfafe [71]. Thus, the arena of the rotating Bose-
Einstein condensates may also be a good place to look for bosonic quantum states with very

peculiar properties, analogous to the quantum Hall states which will be studied in this thesis.
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1.4 This thesis

In this thesis, we will concentrate on the description of quantum Hall states, using a con-
formal field theory approach. This will limit the questions we can ask, because we will not
be able to address questions like in which way, and at what filling fractions do quantum
Hall states form. What we can do is given a quantum Hall effect at a certain filling fraction,
ask ourselves what are the possible states at this filling fraction? It turns out that quantum
Hall states with very peculiar properties might form. There is now consensus on the nature
of thery = g state, which is believed to be a quantum state with a pairing structure. The
excitations over this state are expected to show peculiar statistics properties, which go under
the name ohon-abeliarstatistics. This prompted the study of new classes of quantum Hall
states, with similar properties. It is these quantum Hall states which will be the subject of
this thesis.

To set the scene, we will have to introduce some conformal field theory methods, and
point out the relation with quantum Hall systems, which will be done in chdpter 2. No-
tably, we will explain the relation between conformal field theory, @hern-Simongheory,
which is used to describe quantum Hall systems.

Using the conformal field theory connection, new quantum Hall states can be defined,
with similar pairing, or, in general, clustering properties as the quantum state which is re-
lated to the quantum Hall effect at = g One of the surprises was that there are spin
full versions of the spin-polarized state at= g which are not only spin-singlets, but
show a separation of the spin and charge degrees of freedom of the fundamental excitations
over these states. This is on top of the non-abelian statistics, which the quasiholes also sat-
isfy. The simplest of these states occurs at filling- % see sectiof 3.6. The reason that
the quasiholes of the clustered states can satisfy non-abelian statistics will be explained in
sectionC313.

One of the main themes in this thesis is the study of the quasihole excitations in the
clustered quantum Hall systems. In chapter 4, we will introduce the concepthfsion
statistics which is used in the description of the excitations. Very important in this respect
is the connection between tltempositepresent in the electron sector, and the so-called
pseudoparticleswhich lie at the heart of the non-abelian statistics of the quasiholes. In
fact, this connection comes back throughout this thesis. Another very important connection
is the one between the exclusion statistics and the K-matrices which describe the topological
properties of the particles in the quantum Hall states. It turns out that the exclusion statistics
matrices, which are obtained in chapfer 5 for the states under consideration in this thesis,
also can be viewed as the K-matrices of the quantum Hall states.

One very nice application of the concepts introduced here, is the state counting of chap-
ter[®. The quantum Hall states in this thesis can be viewed as (zero energy) eigenstates of
idealized hamiltonians. These hamiltonians are constructed in such a way that the eigen-
states have a clustering property, which is also present in the quantum Hall states. The
hamiltonians obtained in that way can be diagonalized in a spherical geometry, in the pres-
ence of a magnetic field. The degeneracies obtained via this diagonalization study for the
guantum Hall states in the presence of quasihole excitations can be explained in terms of
the exclusion statistics properties of tharafermionfields present in the CFT description
of the quantum Hall states. In a sense, the hamiltonians with the clustering property have
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‘knowledge’ of the statistics properties of the parafermion fields!

With that result, we have come full circle. The clustering properties of the quantum Hall
states are incorporated at the level of the underlying CFTs by the presence of parafermion
fields. As a consequence, the quasihole excitations can have the so called non-abelian statis-
tics (see sectiop 3.3). This causes the states with quasiholes present to be degenerate, and,
as discussed in chaptgr 6, these degeneracies can be understood in terms of the statistics
properties of the parafermions.
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Chapter 2

The quantum Hall - conformal
field theory connection

Two dimensional systems are special in many respects, compared to higher dimensional
systems. One example, which will come back frequently in this thesis, are the possible
statistics properties. The group of local conformal transformations is infinite dimensional
only in two dimensions, makingonformal field theona very powerful tool in the study of

the critical behaviour of two dimensional systems, sometimes allowing for an exact solution
of the 2-dimensional model under consideration.

Also in the study of the fractional quantum Hall effect, the use of conformal field theory
(CFT) will be useful in determining, for instance, the statistics properties of the particles.
However, itis very important to keep in mind that the systems we are describing in this thesis
arenotcritical. There is thus a need to motivate the use of CFTs to describe quantum Hall
systems. Also, one should keep in mind that the important problem of transitions between
various quantum Hall states is not addressed in this thesis. We will assume throughout this
thesis that a quantum Hall effect is observed at a certain filling fraction. We ask ourselves
the question what kind of quantum Hall states can be formed and what are the properties of
these states. Using conformal field theory, one can hope to provide a partial answer to this
kind of questions.

The link between quantum Hall states and CFT can be made, in short, as follows. The
effective field theories describing quantum Hall states are so cafiéedimensionaChern-
Simongheories (see, for instance, 119} 69]). A link between these topological field theories
in 2 4+ 1 dimensions and conformal field theory 2n(or 1 + 1) dimensions was made by
E. Witten in [TT2]. G. Moore and N. Read[71] proposed to use CFTs to describe and
investigate the properties of quantum Hall systems. This gives us a powerful tool to study
guantum Hall systems.

In this chapter, we will follow the line of reasoning as outlined above. We start with a
short introduction to the topological field theories describing fractional quantum Hall states
in sectionZ]1. These theories all have a common feature, the Chern-Simons (CS) term. In
this context, the so-called K-matrices appear for the first time. These K-matrices play vari-
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ous different roles throughout this thesis. The connection between the topological theories
and conformal field theory will be given in sectipnj2.2. In secfioh 2.3, we will describe in
which way these conformal field theories can be used to describe quantum Hall states and
explain the construction using the Laughlin and Halperin states as examples. The conditions
to be satisfied by the CFTs, in order to describe quantum Hall systems are given in appendix
A.

2.1 Topological theories

The connection between fractional quantum Hall states and conformal field theory is made
via the presence of a topological effective field theory, the Chern-Simons theory. Therefore,
we will first explain why the Chern-Simons term describes the low-energy limit of a quan-
tum Hall system. In this section, we restrict the discussion to the ordiahgfiancase.
Thenon-abeliancase will be discussed in the following chapters.

The presence of a Chern-Simons term in the low energy effective field theory for quan-
tum Hall states follows from the following, very general considerations (see, for instance,

[T07])
1. The system we are describing &+ 1)-dimensional system of electrons.
2. The electromagnetic curredt™ is conservedd” J™ = 0.
3. Parity and time reversal symmetry are broken by the magnetic field.
4. We want to describe the low energy part of the system with in a field theoretical setup.

In three dimensions, the conservation law.J/;™ = 0 implies thatJ5™ can be written

as a curl:JﬁIn = %g,mavak. In turn, making the chang® — a” + 0" A leaves the
current.J5™ unchanged, implying that” is a gauge potential. Invoking the assumption
that we want an effective field theory for the long-distance, low frequency behaviour of the
system, we will write down the most relevant term of gauge fields which is possidle in
dimensions which is also gauge invariant (see, for more details on gauge invariance, section

EZ2). This turns out to be the Chern-Simons term (5€e [39] for more details)

Lcs = ﬁew,\a“a”(ﬁ . (2.1)

Thus if the couplingk is non-zero, this term will dominate the low energy behaviour. It
turns out that this term indeed gives the correct physics. An important property of the
Chern-Simons term is that it istapologicalterm: it does not depend on the metric. As a
consequence, the corresponding hamiltonian is zero, and all eigenstates have zero energy.
Naively, one might think that the problem has become trivial, or uninteresting. However,
the topological properties and the degeneracy of the ground state make this problem very
interesting indeed.

Above we showed that the low energy physics of(an+ 1) dimensional system is
governed by the Chern-Simons term[2.1). Below, we consider a more general form, by
allowing several gauge fields, which are coupled by a matrix, known in the literature as the
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‘K-matrix’. In addition, the gauge fields will be coupled to other fields, which for instance
describe external fields. These terms also have the Chern-Simons form.

In the following, we will use the notation of Wen[105] in describing theantum Hall
data This data characterizes the quantum Hall system; it consists of the K-matrix, a charge
and spin vectort ands, respectively. These vectors have the charge and spin quantum
numbers of the particles as there entries. In addition, there is an angular momentum vector
j- A few remarks with respect to the notation of spin vectors need to be made at this point.
In [I0O8, [T0O7], the concept of a ‘spin vector’ was introduced. This ‘spin vector’ is in fact
related to the angular momentum of the electrons on (for instance) the sphere and is needed
to calculate the so-called shift (see equatidng (2.5) gnf (2.6) below). In our case we need
to distinguish between this angular momentum vector and the vector containing the real
SU(2) spin of the particles. Therefore, we have denoted the angular momentum vector by
j, and the vector containing the spin quantum numbers. biote that the spin quantum
nubers are given in units @&f/2 in the spin vectors throughout this thesis.

As stated above, the K-matrices play several roles in the description of the quantum
Hall states which are discussed in this thesis. The entries of these matrices do not only
serve as the couplings between the various gauge fields, they also can be interpreted as the
(exclusion) statistics parameters of the particles, as is described in cfapter 4. To be able to
make contact with the ‘statistics interpretation’, we distinguish between the K-matrix for
the ‘electron part’ and the quasihole part of the theory. These matrices are dendfed by
andK,, respectively. The corresponding charge, spin and angular momentum vectors are
te, ty, Se, S¢, je, andj, in an obvious notation. In all the cases we considered, it is possible
to formulate the theory in such a way that the K-matrices for the quasihole and electron
sectors are just each others inverse. This form of ‘duality’ will be encountered frequently in
this thesis (see, in particular] [6] ard [7]).

The Chern-Simons part of the lagrangian for a system on a surface of gdrassthe
following from

Los = e (KVa}0,0 +2¢L4,0,0} + 2jiw,0,0} + 28L3,0,0) . (2.2)

where the field are the Chern-Simons gauge fields. The Greek indices run{Gy&r2},

and the Roman indices over the number of channels. The first term is the Chern-Simons
term, which has the effect of changing the statistics of the matter-fields, which are coupled
to the Chern-Simons (CS) gauge fields in a full thearyy[118]. The electromagnetic field is
described by the gauge fielt}, and the coupling to the CS gauge fields involve the charge
vectort.. This vector specifies the charge of the electronic degrees of freedom. The other
terms of the lagrangian have the following interpretatiar. is the ‘spin connection’ and
gives rise to the curvature of the space on which the quantum Hall system is defined. The
last term is the §U(2)) spin equivalent of the second term, and describes the spin Hall
conductance. By analogy with the (electronic) filling fractionone can define the spin
filling fraction, o, and the spin Hall conductance.

In general, one would define the spin conductance in the same way as the charge con-
ductance, namely as a response to a certain field. In the case of a quantum Hall system, the
role of the electric field is taken over by a gradient in the Zeeman energy. The gauge field
describing this is denoted by, in eq. (Z2). The spin Hall conductance is related to the
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‘spin current’ induced perpendicular to the direction of the gradient of the Zeeman energy.

Let us now briefly recall the results obtained from this formulation for the filling factors
and the shift corresponding to a surface of genushe filling factors can be calculated by
means of simple inner produfits

v=te Kol te =ty K-ty
UZSC~K;1'SGZS¢~K;1~S¢. (2.3)

The relation between the charge (and spin) vectors of the electron and quasihole parts are
given by

ty = K-t sp =K '-s, . (2.4)
The last important property we will discuss is the so called ‘shift’ in the flux on surfaces of

general genug. The relation between the number of electrovisand the corresponding
number of flux quant&Ve is given by

Ny = lNe -8, (2.5)
14
where the shiftS is given by
2(1 —
s=209 x5, 26)

v

Althoughj. plays a somewhat different role thenands., we defingj, by analogy to[[Z14)

jo =K' e . 2.7)

The equations{2.3)(2.7) were derived in the context of abelian quantum Hall §fafes [105].
In section[Z4:Z12, we will see that these relations also hold, under certain conditions, in the
non-abelian cases as well.

We end this section by noting that the description in terms of the quantum Hall data is
by no means unique. The lagrangian €0-](2.2) is invariant ufidén, Z) transformations
on the K-matrix (denoted by the matriX) (for more details, see for instanceT105])

&
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(Wil)T 'th W )
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wherev is one of the vectors containing the quantum numbers of the system. It is easily
checked that this leaves all the physical properties of the system, such as the filling fraction,
invariant. We will refer to the transformatiop (R.8) as a ‘W-transformation’.

IThroughout this thesis, the transpose on the vectors in equationgTike (2.3) is implicitly understood in order to
simplify the notation.
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2.2 Topological field theory and CFT

In this section, the relation between topological field theories, the Chern-Simons theories of
the previous section, and conformal field theory is described.

Let us start with the gauge invariance of the Chern-Simons adfion (2.1). Making the
transformatioru” — a* + 0* A leaves the action invariant, up to a surface term

OL = £\ 0" (a”OMN) . (2.9)

Of course, on a physical sample with an edge, this surface term is important, and it is
cancelled by the gauge transformation of the so called edge currents. Already in 1982,
B.l. Halperin realized the importance of the current-carrying edge states [54]. They occur
because the confining potential lifts the energy of the Landau levels. At the edge of the
sample, they cross the Fermi surface, and this leads to gapless edge excitations. The trans-
formation properties of these edge-currents makes the complete system gauge invariant, as
it of course should be.

described by the lagrangian

1

Loy = —
xll An

/dtdu((8t<p)2 —02(0up)?) (2.10)
and the chirality constrairi; o = vd,p; u is the space coordinate along the edge. In fact,
the lagrangian describes a massless scalar field, and is a conformal field theory.] See [94]
for a discussion of the chiral Luttinger liquid in the context of a unified field theory for
fractional quantum Hall systems.

The !l of eq. (ZZID) has a conserved current, which is given by

T =,,0"p, (2.11)

wheree,,, is the anti-symmetric symbol, and we work in units where 1.
Using canonical quantization, it can be shown that the Fourier modes of the edge cur-

rentsJS&° satisfy the algebra

[]ma]n] = 6m+n,00H 3 (212)

which is au(1) Kac-Moody algebra. Thus, the edge degrees of freedom can be described by
a conformal field theory, which is related to the topological field theory, as was pointed out
above. Thus, at least for the quantum Hall states at simple filling fractions, it has become
clear that the dynamics of the edge excitations are described by a simple conformal field
theory. The situation for systems in which counter-flowing edge modes occur is much more
complicated, and still under debate. However, for systems in which all the edge modes flow
in one direction, this description is undisputed. In this thesis, we will consider this situation,
but consider more complicated situations than the one described above.

So we pointed out the connection between the topological field the@win dimen-
sions, and the conformal field theory (a chiral Luttinger liquid) onthe 1 dimensional
edge of a quantum Hall sample. There is also a correspondence between the topological
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field theory and a conformal field theory describing the bulk properties (such a the braid
statistics of the excitations). This connection is due to Witfeni [112]. It states that the physi-
cal Hilbert space of a three dimensional topological Chern-Simons theory can be interpreted
as the space of conformal blocks of the corresponding Wess-Zumino-Witten model in two
dimensions. So the patrticles (sources) in the Chern-Simons theory can be interpreted as the
fields in the conformal correlators. 18.137], this connection is worked out in detail, giving
consistency conditions for the (chiral) conformal field theory. These will be quoted in ap-
pendix[Z-A. But before we come to that point, we first explain in which way CFT is used to
study quantum Hall systems, concentrating on some simple examples.

2.3 Quantum Hall systems and conformal field theory

With the connection between topological Chern-Simons field theory and (chiral) correlators
(or conformal blocks) at hand, G. Moore and N. Read proposed to use conformal field theory
as a method to describe quantum Hall states. More specifically, they used the conformal
blocks of chiral CFTs to obtain (representative) wave functions for known quantum Hall
systems. Pushing the connection further, they proposed to other CFTs in a similar way,
to define new states, which can be interpreted (under certain conditions) as quantum Hall
states. Using this setting, the possible excitations of these new quantum Hall systems and
their properties can be studied. We referlio [34] for a details on conformal field theories.

Throughout this thesis, we will assume that a quantum Hall system is observed at a
certain filling fraction. Using CFT, one can try to construct a quantum state and study its
properties. However, we will not be able to say which of the various possible states will
actually occur, as the answer to this question depends on the details of the energetics.

Interpreting chiral correlators as wave functions for actual quantum systems also should
be done with care. The details of the wave functions of quantum systems depend on the
details of the interaction. However, as long as the real interaction between the electrons
lies in the same universality class as the interaction for which the wave function is an exact
ground state, the topological properties of the particles are the same in both cases. Here,
we made an implicit assumption, namely that there is a, possibly idealized, interaction for
which the wave function under investigation is exact. The existence of such an interaction
is very important. As we will see in chaptBr 6, the idealized interaction can be used to
study the properties of the quasihole excitations in the quantum Hall systems via numerical
diagonalization studies. These results will be compared to analytic results, obtained by
using the underlying conformal field theory for these systems. Knowledge about the ground
state wave functions is not necessary in these studies. In fact, in many cases, the actual form
of the ground state wave functions in the presence of quasiholes is not known.

In this thesis, we will mainly concentrate on states in the lowest Landau level. As the
gap to the higher Landau Levels is of ordes., which is much larger than all the other
energy scales (the Zeeman and electron interaction energy) in the system, we can neglect
excitations in which higher Landau levels are involved, as long as we restrict ourselves to
filling fractionsv < 2 (note that a Landau level completely filled with spin up and down
electrons gives = 2). As all the electrons are in the lowest Landau level, the kinetic energy
is just a constant. Thus, the wave functions for quantum Hall states in the lowest Landau
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level can be viewed as eigenstates of an interaction hamiltonian.
Wave functions for quantum Hall systems in the lowest Landau level can be written in
the form

U({z}) = O({z})e X az (2.13)
where thez; are the complex electron coordinates dng % is the magnetic length.

U({z}) is a polynomial in the electron coordinates and is called the ‘reduced wave func-
tion’. The important point is that this polynomial only depends.pand not on the complex
conjugatesz;. Note that®({z;}) is not normalized. In this thesis, we concentrate on the
reduced wave functions, but simply speak of ‘wave functions’ (we keep the tilde, however,
to remind the reader of this).

We will now describe the way in which conformal correlators can be used to define
quantum Hall systems. This will be done using two examples, namely the Laughlin and
Halperin states. In the next chapter, we will define the clustered quantum Hall states and
investigate their properties in subsequent chapters.

2.3.1 Example: the Laughlin wave function

Following the reasoning of Moore and Read, the wave functions for quantum Hall systems
can be written as correlators in a chiral conformal field theory. We explain how this can be
done using the Laughlin wave functions as an example, as they are the simplest fractional
guantum Hall states. In the next subsection, we will treat the (somewhat) more complicated
Halperin states[55].

The Laughlin wave functions,

U ({z:)) = [ [z = 2)™ (2.14)
1<j
can be reproduced as a correlator of vertex operators of a free bosmmpactified on a
radiusR? = M. This vertex operator has the form

Valzi) =: eVM2(z) 1 (2.15)
The correlator which gives the Laughlin factor is
U({z}) = lim 2NV Vi Van e VMNe (2 )0 (2.16)

The background charge is inserted in the correlator to satisfy charge neutrality. The factor
zggN“‘ is inserted to obtain a non-zero result in the limit where the background charge is
sent to infinity. This procedure of dealing with the background charge is different compared
to [IZ1], where a homogeneous background charge was used. Using a homogeneous back-
ground charge is more involved, but has the advantage of also reproducing the exponential
factors (with the magnetic length setite- 1) of the full wave functionI[71].

That the correlator in eq[{Z116) indeed reduces to the Laughlin wave functidneg. (2.14),
can be seen from the operator product expansion (OPE) for the vertex operators

, ei‘w(zl) . eiﬁW(ZQ) t= (2 — 2’2)0‘6 . ei(a-&-ﬂ)tﬂ@z) 0, (2.17)
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and the use of Wick’s theorem. One of the most important gains of using CFT to describe
guantum Hall systems is the fact that also the quasiholes can be represented in this setup.
Once this has been established, on can use the powerful methods of CFT to study the prop-
erties of the quasiholes. Some of the properties which can be addressed in this way are
the statistics and the degeneracy of quantum Hall systems in the presence of quasiholes.
This can be done, even though sometimes the correlators containing the quasiholes are not
known explicitly.

This brings us to the subject of the quasihole states. As assumed in the above, these
states can also be written as a correlator in the conformal field theory, by inserting quasihole
operators in the chiral correlators. In the case of Laughlin quasiholes, the operators which
create the quasiholes are also vertex operators

Van(w) = ei/m“"(w) . (2.18)

In the following, we denote the electron and quasihole coordinates bpdw;, respec-
tively. Insertingn quasihole operators and an adjusted background charge in the correlator,
together with the electron operators gives an expression for the wave function of a Laughlin
system with quasiholes

{IV, M

Lgn({zi, wi}) = i ligoo LN (Ver,1Ver2 -+ Ven

X th,lvqh,2 t th,n : e—i(\/ﬁN-{-n/\/ﬁ)«p(zoo) Z> . (219)
Evaluating this correlator gives the wave function for the Laughlin state in the presence of
guasiholes

U ({zwi ) = [[wi = wi) ¥ Tz — wy) [J (2 = 2)™ - (2.20)

i<j ,J i<j

This form corresponds to the form proposed by Laughliriin [67].

The wave functions of quantum Hall states with quasiparticles are more difficult to write
down than there quasihole counterparts. This is caused by the fact that the quasiparticle
wave functions involve non-analytic functions. At present, the corresponding CFT quasi-
particle operators are not known. We will therefore concentrate on the quasihole excitations.

As can be seen from the wave functign{2.20), the electrons are expelled from the from
the positions of the quasiholes. The strength of this repulsion however, is weaker than the
strength with which the electrons repel each other. This is directly related to the fact that
the charge of the quasiholesfiactionalized As explained in chaptdt 1, the charge of the
Laughlin quasiholes ig,, = ﬁ in units where the electron chargegis= —1. Because
the electrons are expelled from the regians there is in fact a charge deficit, and the
guasiholes have opposite charge in comparison to the electrons. For quantum Hall states
with spin, a similar ‘inversion’ of quantum numbers for the quasiholes occurs.

It is important to keep in mind that specifying a conformal field theory (in this case the
¢ = 1 chiral boson compactified on a radii® = M) is not enough to define a quantum
Hall state. In addition, the form of the electron operator(s) is also needed to define the
guantum Hall state.
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2.3.2 The Halperin states

As an example of a series of states in which the spin degree of freedom is not neglected, we
discuss the simplest case, namely the Halperin states. In general, these states are written in
terms of two types of coordinates, which can also stand for two layers. For now, we keep
the discussion general and the Halperin wave functions take the farm [55]

T (28,20 = []e = 2m [T = 2™ T e = =) (2.21)

i<j i<j i

This state describes a double layer (or spin) system, in which the two layers (or particles with
opposite spins) are coupled by via the third factor. The filling fraction can be determined by
means of the K-matrix formalism. For (simple) abelian quantum Hall states, the K-matrices
can easily be obtained from the braid behaviour of the electrons, as encoded in the wave
functions. For the Halperin states, the K-matrix and charge vector read

K, = (:’; £,> : (2.22)
t, = —(1,1). (2.23)

The corresponding filling fraction becomes-= T;‘,j;:}—_jf} Restricting to the case — 1 =

m’ — 1 = n the Halperin states are spin-singlets (if the coordinates are interpreted as the
coordinates of spin up and down electrons). This gives rise to a series of singlet states with
filling fractionv = % Form even, this state is describing a fermionic spin-singlet state.
The condition for the total state, including the spin part of the wave function, to be a spin-
singlet translates into théock cyclicconditions of the positional part of the wave function

[BB]. These conditions on the orbital part of the wave function read (see also Girvin, in [81])
UL e(zl, 2 =0, (2.24)
J

where the+ (—) sign applies for a bosonic (fermionic) state respectively. The operator
e(z], =) exchanges the coordinatesand 2} in the function on which it acts. It is easily
shown that the Halperin wave functioisS{2.21), with paramdters- 1, m + 1, m) satisfy
the conditions[[Z:24) and thus are spin-singlet states. More physically, thencased
corresponds to a completely filled Landau level (with spin up and down electrons), which is
a spin-singlet. Changing will only result in the multiplication of the wave function with
a completely symmetric factor, with the only effect of changing the properties of the state
which correspond to the charge degrees of freedom.

Let us now turn to the description of these states in terms of conformal field theory. In
this description, two chiral boson fields are needgedandy,, which describe the charge
and spin degrees of freedom, respectively. The electron operators for the spin up and spin

down electrons are
V] = eva(VEmFLecte) o1y (2.25)

Vi =:evsVamileeea oy (2.26)
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The quasihole operators can also be written in terms.and ;.

Vth = e%(\/ﬁ%"_%)(uﬂ) 5, (2.27)
Vqlh = e%(\/ﬁ%_%)(wl) s (2.28)

The scaling dimensions are given By, = mT“ andAg, = 4’7’;;“1 The correlator which

gives the Halperirfm + 1, m 4+ 1, m) spin-singlet states can now be written as

Jr 1 T T 1 l T T l
;-rll,qh = Zi@m Zgo<Vel,1 e Vl,NT Vem T Vl,Nl th,1 -V ViV,

e e qh,n; " qh, 1° qh,n

« - e:_f;((Vm+1(NT+”l)+ﬁ("T+"l))‘Pc+(NT_Nl+nT_”l)¢s) (200) 2)

—Hz -z mHz — zj mHz —z

1<j 1<j
X H (7, — w H zl - wjl)
i,j
X H (w; — w 27;;111 I_I(wll — w})?qﬁll I_I(wlT — w]l)ﬁ . (2.29)

1<j 1<j 0,J

The total numbers of electrons and quasiholes are denoted by Ny + N, andn =

ny + ny, respectively. In eq.[{Z29), we inserted the most general background charge. But
as we are interested in spin-singlet states, we need to impose the constraint that the ‘back
ground charge’ only consists of the charge bogenThis leads taVy + ny = N| +n|, a
necessary condition for the state to be a spin-singlet. Using this constraint, the paameter
is calculated to be = 2L (N + G 72=)%. We used the same methods as in the previous
section to work out the correlator. Th|s state is the spin-singlet state at filling fraction

v = 5.2 mentioned above.

The construction of the last two subsections can be generalized to obtain the so-called
clusteredstates. This will be the subject of the next chapter. But before we come to that,
we first give conditions which need to be satisfied by the conformal field theory and the
operators in order to describe a quantum Hall system.

2.A Constraints on the CFTs for quantum Hall systems

In this subsection, we will point out the consistency conditions, which need to be satisfied
by a chiral CFT and the electron operators, in order to (possibly) describe a quantum Hall
state. We will follow the discussion given in37].

First of all, we have to specify the conformal field theory itself; this is done by specifying
thechiral algebra.A, and the set afinitary irreducible representations. The chiral algebra
determines the symmetry of the conformal field theory. For the quantum Hall states, the
symmetry is associated to simple Lie algebrAsmust at least contain a unique vacuum,

w, which has scaling dimensiofA,, = 0. The electrical current is described by a chiral
u(1) current algebra. Thus the chiral algebra must at least contain(@heurrent algebra.
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Moreover, we will assume the chiral algebra has the form (sSée [37] for states based on
minimal models)
A=Poul) "t oul)., (2.A1)

wherer > 1 andP ® u(1)"~! is an electrically neutral chiral algebra(1). denotes the
u(1) current algebra associated to the charge degree of freedom. In the cases discussed in
this thesis;P has a parafermionic symmetry. In those caséss a affine lie algebra. Note
that we will also allow a deformation of the affine Lie algebra symmetry by a modification
of the ‘charge direction’ . This deformation can be described by a so cstlifidmap see
[T05,38,7]. The set of unitary irreducible representation® dfas to be finite and closed
under fusion.

The conditions to be satisfied by the conformal field theory and the operators corre-
sponding to the electrons and quasiholes can now be stated. They all are motivated by
general physical considerations.

1. The presence of the electron.
As we are describing quantum Hall states, we must at least have one represeytation
which corresponds to the electron. This (set of) representation(s) can be used to define
the set of multi-electron representatiofs,, which are obtained by fusions of the
electrons. These can be thought of the electron clusters, which will play an important
role in the K-matrix formulation of the non-abelian states discussed in ctapter 5.

2. Physically realized representations.
The particles (electrons and excitations) of the qH system are labeled by the unitary
representations of the chiral algebra, and becalibas the special forni{Z:A1), the
unitary representations can be decomposed as

ACA, xR". (2.A2)

Thus the labels of the excitations take the fafiy,r), where), € A, andr is a
point inIR".

3. Charge and statistics efectron-likeparticles
The statistics related to a particle with labetan be related to the scaling dimension
Ay. Upon a rotation o2, a phase factog? A is picked up. Thus ifAy € N,
the excitation is a boson, ik, € N + 1, the particle obeys fermionic statistics, and
finally, if A\ # 0 (mod 3), the excitation obeys fractional statistics.

It is natural to assume that the multi-electron particles obey bose statistics if they are
obtained by the fusion of an even number of electrons, and fermi statistics if they
resulted from the fusion of an odd number of electrons. Thus we impose a constraint
on the multi-electron particles, namelyharge - statisticselation

(te)m =0 (mOd 2) - Am =0 (mod 1) s

(te)m =1 (mod 2) = A, = (mod 1), (2.A3)

DN | =

wherem runs over all the electron-like particles.
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4. Condition on the quasiparticles
The wave functions for the quantum Hall states are analytic in the coordinates of the
electron like particles. This lays constraints on the possible quasihole excitations,
which have to beelatively localwith the electron like particles. This condition reads

Ay+A,—Ay=0 (mod 1) , (2A4)
where)’ is in the fusion product ok andm.

5. Charge and spin
Just as the charge of the multi electron particles is determined by the electrons, this
also holds for the spin, if it is a good quantum number in the system under consider-
ation. The following connection between charge and spin can by found

(te)m =0 (mod 2) = s, =0 (mod 1),
(mod 1), (2.A5)

N | —

(te)m =1 (mod 2) = s, =

wheres,, is thesu(2) spin of the multi electron particle:.

Let us end this chapter by saying that the conformal field theories and particle operators
used in the next chapter, do indeed satisfy the conditions stated in this section. This guaran-
tees that the quantum Hall systems described in the next section do have the right physical
properties.



Chapter 3

Clustered quantum Hall states

In this chapter, we will define sets olfusteredquantum Hall states, and study some of their
properties. G. Moore and N. Read (MR) were among the first to propose a quantum Hall
state with a clustering, or better, pairing structuire [71]. It was motivated by the observation
of a quantum Hall effect avendenominator filling fractionn = g Subsequently, this state

was generalized to a series of clustered quantum Hall states by N. Read and E. Rezayi (RR)
[85].

The states mentioned above are all considered to be spin-polarized states; the electron
spin is absent in the construction of these states.[In [10], spin was included in a natural
way, and spin-singlet analogs of the states’in [85] were constructed. In this chapter, we will
describe in which way these clustered quantum Hall states can be constructed, and some of
the properties are discussed. This chapter will mainly be concerned with the construction of
the states by defining the electron and quasihole operators. We will provide explicit forms
of the wave functions for states without quasiholes. The properties of these quasiholes will
be studied in great detail in the following chapters.

The last set of states we will treat in this chapter are the spin-singlet stafés of [8]. These
states have a clustering which is somewhat different with respect to the other states discussed
in this chapter. Interestingly, the excitations over these states show a separation of their
SU(2)-spin and charge degrees of freedom.

The outline of this chapter is as follows. We start in secfioh 3.1 by defining a clustering
property for gH states. In the subsequent sections, various clustered quantum Hall states will
be described, on the level of the underlying CFT. Some of their properties will be addressed.
Note that the description in terms of K-matrices will be given in chgpter 5.

The paired state proposed by Moore and Réad [71] will serve to explain the construction
in general, as it is the simplest example of a clustered state (s€cfion 3.2). In §€gtion 3.3, we
will explain why the states discussed in this chapter are caltedabelianquantum Hall
states. The key point here is the structure of the quasiholes, which in turn is closely related
to the clustering property of the electrons.

The clustered generalizations of the Moore-Read state are treated in $edtion 3.4. The
spin-singlet analogs of these states are discussed in sgction 3.5, while the states which show
a separation of the spin and charge degrees of freedom can be found in §€gtion 3.6. An
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overview of the properties of the clustered states, including the properties of the underly-
ing conformal field theories, will be given in sectipn]3.7. The details of the underlying
parafermion CFTs can be found in appendix 3.A.

3.1 The cluster property

Quantum Hall states are said to be clustered (at at}lgf the wave function satisfies the
following property.

Wetuster(21) = Pros(2:) [ [ (20 — 2)™ (3.)
1<j

where the fully symmetric factoby,s has the property

(I)bos(zlz"‘:Zi)#O Zék
{ (I)bos(zlz"':Z7;):0 i > k. (32)

Thus, as up to any particles are brought at the same position, the fadétqy;, remains
non-zero. However, ik + 1 or more particles are brought together, this factor will become
zero. This implies that states of the form{3.1) with= 0, are zero energy ground state of
the hamiltonian

H=V Z 52(22'1 - 212)52(2’1-2 - Zig) T 62(Zik - Zik+1) ) (3.3)

i1 <o <ip41

whered?(z; — z;) is the2-dimensional delta-function. Note that fbr= 2, we speak of a
pairing property, for obvious reasons.

The states described in this chapter all have the above mentioned clustering property,
except for the spin-charge separated states of seClipn 3.6. These states have a clustering
among the spin up and spin down electrons separately. That this clustering property is
different is closely related to the fact that the underlying affine Lie algebra is different.
For the RR states and the non-abelian spin-singlet (NASS) states, the underlying affine Lie
algebras are the simply laced algebsa$2) and su(3) respectively, while for the spin-
charge separated state, this algebra{$), a non-simply laced Lie algebra. In effect, the
consequence is that the states already have a pairing structure at fevel

3.2 The Moore-Read quantum Hall state

The way in which the clustered quantum Hall states are constructed will be explained by
using the MR quantum Hall state as an example, as this is the simplest paired stated. Nev-
ertheless, it has most of the features of the general clustered states.

The construction of the MR state goes along the same lines as the construction of the
Laughlin state based on conformal field theory, see segfion 2.3.1. The difference lies in
the conformal field theory used. In the case of the MR quantum Hall state, this is a theory
with su(2), symmetry and can be described in terms of a free chiral boson and a Majorana
fermion.
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The pairing structure is build into the wave function via the electron operator, which
contains the Majorana fermion (of the Ising model) in addition to a free chiral boson.
This already points to the fact that the CFT describing the MR state is & theory. The
electron operator now reads

VI =g s eV (3.4)

The MR quantum Hall state is, like the Laughlin state, constructed as a correlator of elec-
tron operators and a suitable background charge. This correlator can easily be calculated,
because the Majorana fermion is also a free field. Thus by using (the fermionic form of)
Wick’s theorem and the correlator of two Majorana fermions

1

= 3.5
(¢p(21)(22)) 7 —23 (3.5)
one finds the wave function
Uhfp(z) = lim ZQMHONY vy e VTN () )
= (¢(21) ... ¥(2n)) H(Zi — z;)M*
1<J
_ 1 L \M+1
= Pf(zi — zj> 111(2Z zj) . (3.6)

The second line is obtained by working out the correlator of the vertex operators of the chiral
bosons. Pf(M) is the pfaffian of an anti-symmetric matri¥ is the anti-symmetrized
product

Pf(M77]) = A(M172M3,4 . ) . (37)

In fact, the pfaffian of an anti-symmetric matrix can also be thought of as the square root of
its determinantPf(M; ;) = v det M. Because of the presence of the pfaffian factor, the
state corresponding to the wave functign](3.6) is also called the pfaffian quantum Hall state.
Note that the number of electro®é need to be even, in order to get a non-zero correlator.
Below, when the quasihole wave functions are introduced, it will become clear that wave
functions with an odd number of electrons are possible when quasiholes are present. The
Moore-Read stat¢ {3.6) describes a quantum Hall system at filling fractiﬂqﬁ, ascan

be inferred from the form of the form of the vertex operatorppfin the electron operator.
Equivalently, the filling fraction is determined by the Laughlin factor in the wave function.
Note that for fermionic states/ has to be odd, as will be the case throughout this thesis.
The conformal dimensions of the electron operators are easily calculated. The conformal
dimension of the Majorana fermion s, = 1. In general, the conformal dimension of the

vertex operatoe’®? is given byA, . = “72 Details on dimensions of fields and CFT in
general can be found in the bodk][34]. Put together, the dimension of the electron operator
is given byA. = % In fact, the electron operators are constructed in such a way that
for M = 0 they are currents of the underlying Lie algebra CFT. Fbiodd, the electron
operator should have half integer dimension, in order to represent a fermionic object. For all
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the states discussed in the thesis, the electron operators indeed have conformal dimension
Ael — 1\12—&-2.

Before we go on with the discussion on the quasiholes over the MR state, we first will
comment on the relevance of this state. At the time this state was proposed as a quantum
Hall state at fillingy = % it was believed that the quantum Hall effect observed at filling
v = g was due to aminpolarizedquantum Hall state. Experiments which led to this con-
clusion were tilted field experiments, in which the total magnetic field is increased, while
the component perpendicular to the sample is kept the same. As the filling fraction is only
determined by this perpendicular component and the spin couples to the total magnetic field,
these experiments can shed light on the spin of the quantum Hall state under investigation.
In these tilted field experiments at= g it was observed that upon increasing the total
magnetic field, the quantum Hall state disappeared [29].

The interpretation of these experiments was that the state ﬁt% is unpolarized,
and can be destroyed by increasing the in-plane magnetic field. Nevertheless, M. Greiter,
X.-G. Wen and F. Wilczek proposed that the observed quantum Hall effeci:ag could
be related to the spin-polarized MR state. The electrons in the second Landau level, which
is half filled, are thought to form a MR state, while the first Landau level is completely filled
with spin up and down electrons. The presence of this completely filled Landau level will
alter the details of the interactions between the electrons in the second Landau level. Of
course, in real systems, the states will always have a certain extension in the perpendicu-
lar direction; this will in general lead to a coupling to the in-plane magnetic field, which
eventually could destroy the quantum Hall state. Over the years, evidence built up that the
guantum Hall effect at fiIIingz— is indeed related to the MR quantum Hall state. First of all,
there are extensive numerical studies which point in this direcfiorif72, 86]. Experimentally,
it has been established that the state is indeed spin-polarized [75]. Also, at *high’ temper-
atures, at which the quantum Hall state has disappeared, Fermi surface effects have been
observed. This indicates that a Cooper instability can occur, providing a mechanism for the
pairing of electrons. Applying an in-plane magnetic field will results in the formation of a
striped phases, with anisotropic behaviour of the resistances. This explains the disappearing
of the quantum Hall state at= ; upon applying an in-plane magnetic field.

We will now continue with the description of the quasiholes excitations. As indicated in
appendiXZ-A, the quasihole operators are restricted to be relatively local with respect to the
electron operators. This leads to the followisgjallest chargguasihole operator

Viai =0 : 3 VATTYe . , (3.8)

whereo is the spin field of the Ising model. It has conformal dimenslon = 1—16. This

givesAgn = % for the conformal dimension of the quasiholes. The MR wave func-
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tion in the presence of quasiholes can now be written in term of a CFT correlator

(M+D)(N+535745)°

Uik qn (2 w;) = . ligloo Zoo
X < qlﬁfl e C;Efn erlrji e eril;.v : e_i(\/Mi_HN—Fz\/%ﬂ)‘P(ZOO) :>

= (o(w1) - o(wn)¥(21)Y(2n))
X H(w — w;) D H(z —w;)? [z — )M+ (3.9)

1<j
This wave function is analytic in the electron coordinates, as it should be. Note that the

factors(z; — wj)% are canceled by similar factors present in the correlator of Majorana
and spin fields. This is guaranteed by the structure of the electron and quasihole operators.
To use the correlator eq[{B.9) to obtain explicit forms of the wave functions is a difficult
task. The spin field are not free fields, and therefore, the correlators containing quasihole
operators can not be obtained by applying Wick’s theorem. An explicit form of the MR
wave function with quasiholes present can be foundin [84]. In fact, this is the only case in
which these explicit wave functions are known. However useful, the explicit form of these
guasihole wave functions is not necessary to obtain properties of the quasiholes.

Like in the case of BCS superconductors, the flux quantum is halved due to the pairing
of the electrons. This means that if the flux quantum is increased by one, two quasiholes
are created. The charge of these quasiholes is givepby= m Compared to the
Laughlin quasiholes, there is an additional fractionalization of the charge. Note that this
structure is also embodied in the K-matrix description of the MR state, which is discussed
in chapteip.

One of the properties which caused great interest in these paired quantum Hall states is
the statistics of the quasihole excitations. It is said that these quasiholes satisfy non-abelian
(braid) statistics. As this is a very important prediction, which will also come back in the
other clustered quantum Hall states, we will describe the situation for the quasiholes over
the Moore-Read state in some detail in the next section.

3.3 Non-abelian statistics

In this section, we will explain that the quasiholes of the MR quantum Hall states, and the
clustered states in general, satisfy what is called non-abelian statistics.

The key point is the presence of the spin field in the quasihole operator. In turn, this was
possible because of the presence of the Majorana fermion in the electron operators, which
cause the wave function to be paired. So in effect, the pairing (or clustering in general, as
we will see in the following sections), is intimately related to the non-abelian statistics of
the quasiholes. This relationship will again be found in the K-matrix structure, which is
explained in chaptdi 5.

To explain the non-abelian statistics, we have to take a look at the fusion properties of
the parafermion and spin fields, present in the electron and quasihole operators. The fusion
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Figure 3.1: The Bratteli diagram for the Moore-Read state.

rules of the parafermion fields is trivial
vxip=1. (3.10)
For the spin fields, the fusion rule is more complicated
oxo=1+79. (3.11)

The consequence is that upon calculating a correlator which contains a certain number of
spin field, on in general has a choice of many differeision pathswvhich fuse the (spin)

fields to the identity. In the end, after fusing all the fields, one has to end with the identity,
in order to obtain a non-zero correlator. The number of ways in which this can be done can
be obtained from a so calld8ratteli diagram In such a diagram, the fusion of fields is
encoded in arrows, see figyre]3.1. Each arrow stands for fusing with a certain field (in this
case, the spin field). The field which is fused with the field corresponding to the arrow

is at the starting point of the arrow, while the arrow points at a position corresponding to a
field in the fusion. Taking the fusiom x ¢ = ¢ into account, one finds the diagrdm]3.1.

From the diagram in figurg 3.1, one easily determines that the number of spin fields in
the correlator has to be even. Only after the fusion of an even number of spin fields, one can
end up in either tha or thew-sector. In the first case, the number of electrons need to be
even as well, to end up in the ‘identity sector’. In the second case the number of Majorana
fermions, and accordingly, the number of electrons, has to be odd. In both cases, the number

of fusion paths which lead to the identity is determined toz%él.

The fact that there is more than one fusion channel makes the conformal correlator in
(B9) stand for a set of wave functions, or better, a wave vector. If one now takes a MR
guantum Hall state, in which four quasiholes are present, and one braids these quasiholes,
this will result in a phase, which depends on a phase matrix, instead of a simple phase
factor. These phase matrices have been calculafed {71,174, 95], and it was found that they
do not commute. Thus the ordering of the braiding is essential, explaining the nomenclature
non-abelianstatistics.

At this point, it is useful to spend a few words on the underlying Lie algebra struc-
ture. That is, the electron operator for the MR state can be viewed as(2h current
whenM = 0. The Majorana fermion is viewed as the simplpatafermionrelated to the
su(2)y/u(1) parafermion theory, which is in fact just the Ising model. In the other clustered
guantum Hall states, which we will address in the following sections, parafermion fields will
be present in the electron operators. Again, as a consequence, the quasiholes with smallest
possible charge will contain spin fields. These spin fields also have non-trivial fusion rules,
which are generalizations of ed—{3.11). Thus one can again argue, that the quasiholes over
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these states satisfy non-abelian statistics. Or in other words, these states hdviesia
degeneracy in the presence of quasiholes.

One of the main themes in this thesis will be the study of the statistics of these quasi-
holes. In particular, the intrinsic degeneracies described in this section will come back in
chaptef6, where the degeneracy of clustered quantum Hall states will be studied in a spher-
ical geometry. There, we will compare numerical results to analytical studies, in which the
intrinsic degeneracies play a crucial role. However, there is another source of degeneracies,
due to the spherical geometry. Combining those two types of degeneracies will turn out to
be non-trivial, and is in fact the crucial point.

Al this is very nice, but a natural question immediately rises itself: is non-abelian statis-
tics possible in physical systems? And if so, what are the consequences of the non-abelian
statistics? Before we go into this, we first want to remark that in general, it is very hard
to measure the statistics of particles in condensed matter systems. Though the fractional
charge of the Laughlin quasiholes has been confirmed via shot-noise experimefits;-the
tional statisticswhich these particles are believed to satisfy, still manages to keep out of
the hands of experimentalists. But apart from that, one might wonder whether or not non-
abelian statistics can be observed in principle.

One of the problems is the fact that for realistic potentials, the quasihole states which
are degenerate for the ultra local tree body interaction might not be degenerate anymore.
However, thetopologicalstatistics properties obtained from the idealized hamiltonian are
expected to carry over to other hamiltonians which lie in the same universality class. Of
course, it is essential that the braiding of quasiholes is done adiabatically slow.

Another worry is of course the presence of disorder in the physical systems. Also here,
the fact that the properties of the quasiholes are topological, protects them against breaking
down, if the exchange is done slow enough. For more details on the effect on disorder can
be found in [8B].

All the above have led people to propose the MR quantum Hall state as the building
block for a quantum computer, see, for instanée] [35]. In such a quantum computer, the
guasiholes would form the g-bits. Though this is a very interesting proposal, making a
guantum computer based on a quantum Hall system is very far from being realized. This
topic will not be addressed in this thesis.

3.4 The Read-Rezayi states

The construction of quantum Hall states in terms of correlators in CFTs makes generaliza-
tions of the MR state possible. 12185], Read and Rezayi introduced clustered analogs of
the Moore-Read states. In fact, they proposed to usé&thearafermions in the electron
operator, in the same way as the Majorana fermion is used. The states they obtained have
filling fraction

k

TEM 2

TheZ (orsu(2),/u(1)) conformal field theory contains the parafermion primary fietds
1=0,1,...,k—1,whereyy = 1. Inaddition, there are spin fields, withi =1, ... k—1.

Vk,M (3.12)
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The fusion rules for the parafermion fielgsread

b X Yy =Yg, (3.13)

where all the labels are moduto The (spin-polarized) clustered states are defined in terms
of the electron operator _
o=y e vEVIMEREe (3.14)
Note that in this definition, the most ‘basic’ parafermion in thg theory is used. This
reflects that the electron has the smallest charge of all ‘electronic particles’.
From (37IB) it follows that the number of electraNsneeds to be a multiple @f (in the
absence of quasiholes). The wave function is easily written in terms of a correlator

~ y 2 2 —i y
Uh () = i 28TTON v vy v VRN )
= (W1(z1) - (an)) [ (20 = ) MEE (3.15)
1<j

To actually calculate the parafermion correlator is much harder compared to the MR case,
because the parafermioig are not free fields. In[85], a form (to be given below) was
conjectured, which was inspired by the structure of the zeroes implied by the operator prod-
uct expansion of the parafermion fields. [ni[47], this form was proven to be equal to the
correlator. A different way of characterizing the wave function can be foundin [23].

We will now describe the explicit form of the Read-Rezayi wave function, in the case
of M = 0. The wave functions folM > 0 are obtained by multiplying with the Laughlin
factor] [, _,(z: —z;)M. To obtain the wave functions of the RR-states/for= pk electrons,

(p is a positive integer) first, the particles have to be divided into grougspatticles. Let
us consider the simplest way of doing this

(21,22, ooy 28)s (Zhtds - o o5 22k )5 v s (Z(p—l)k+13 ey Zpk) - (3.16)
To each pair of two clusters (say th&" andb'® cluster), the following factor is associated

Xab = (Zla—1)k+1 = Z(b—1)k+1)(Z(a—1)k+1 = Z(b—1)k+2)
X (Z(a—1)k42 = 2(b—1)k+2) (Z(a—1)k+2 = Z(b—1)k+3)
X ... X (Zak — Zbk)(zak — z(b—l)k+1) . (317)

To obtain the wave function, one has to multiply the factgrs{3.17) for each pair of clusters,
and sum over all the possible ways of forming thelusters ofk: particles. The last step is
equivalent (up to a normalization factor) to symmetrize the produgt fafctors in all the
electron coordinates. The wave function thus becomes

Trr = S[[] xau] - (3.18)
a<b

It has been shown iri.I85] that this wave function indeed satisfies the cluster property eq.
(B22). That the wave functions should satisfy this property follows from the fusion rules of
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the parafermion fieldg;, given in eq. [3-13). It was proven inj47] that this wave function
is in fact equal to the state defined in e@-{(B.15) (f6r= 0).

Another way of obtaining an (equivalent) explicit form of the wave function was de-
scribed (and proven) ir.[23]. The idea is to divide the electronk groups, and giving
them different ‘colours’ (denoted hy, b, ...) so that they become discernible. The wave
function for the system consists of Laughlin factors. To obtain the clustered wave function,
on has to symmetrize all the different electrons

Upr = S[J[(=Y - )2 [ - =2 (3.19)

i<j 1<j

The filling fraction of the Read-Rezayi states can be read off from the electron operators,
and is given byy = ﬁw Another way of determining the filling fraction is via the
maximal degree of the wave function with respect to one of the coordinates; fapy
electron coordinate can be used). The degree of the wave function is equal the to the number
of flux quanta needed to tune to a particular state on the sphere. One has the following
relation

No—IN.—S. (3.20)
14

The shift is due to the fact that we are in fact using a spherical geometry in this determina-
tion. Using the explicit form[(318), on indeed finds that In addition, the shift
on the sphere is found to ld&= M + 2.

The quasiholes over these states are also defined in complete analogy with the MR case.
Thus, the operator creating the most basic quasihole (i.e. the one with the smallest charge)
will contain a spin field, namely;. The quasihole operator is, like the MR case, written in
terms of a spin field and a vertex operator of the charge boson

kM+2

k3 1
Gh =01 tevE VEMFZ P L (3.21)

The vertex part of these operators is determined by the condition that they have to be rela-
tively local with respect to the electron operator (8.14). The charge of the quasiholes can be
determined from the operatoiS(3.21) toddg = 77755

The fusion rules imply a condition on the number of quasiholes which can be placed
in the correlator. This condition is that after fusing the spin fietdsnd the parafermions
1, of the electron operators, one has to end up with the identity operatéor instance,
if the number of electrons is a multiple &f the fusion rules imply that a multiple &f
guasiholes need to be placed in the correlator. Though we don't have explicit forms for
the wave functions in the presence of quasiholes, formally, they can be written as a CFT
correlator

Uht (i, w5) = (o1 (w1) - 01 (wa )1 (21) - Y1 (2w))

x [ (ws —w; mﬂzl—wj)ln(zi—zj)ﬂ“%. (3.22)

1<j ] 1<j

In general, the correlator of o, fields (» is the number of quasiholes) aid v, fields is
hard to calculate. Moreover, because of the non-trivial fusion rules of the spin fields, the
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correlator in eq. [[322) stands for more than one wave function. Like in the MR case, the
guasiholes over the RR states satisfy non-abelian statistics.

Note that in [?B], a rather explicit form of the quasihole wave functions was given.
However, it is in fact an over complete set of wave functions; it can’t be used for the state
counting as described in chapfér 6, because one has to reduce this set of states. This is in
general a very difficult task, as can be seen from the MR case, were such a reduction was in
fact performed([74].

3.5 Non-abelian spin-singlet states

In this section, we will describe a set of spin-singlet states, which have the same clustering
property as the RR-states. These states can be viewed as spin-singlet analogs of the RR-
states, in the same manner as the Halperin states 1, m + 1, m) are spin-singlet analogs

of the spin-polarized Laughlin states. Alternatively, they can be viewed as clustered analogs
of the Halperin states, in the same way as the RR-states are clustered analogs of the Laughlin
states. We will follow the discussion of the defining paper [10] and the work presented in
[9]. The electron and spin filling fractions for these states are given by

2k
2kM +3°

The underlying structure of these states is a CFT with the symmetry of the affine Lie algebra
su(3),. The states are defined in terms of the parafermioit8), /u(1)? and two chiral
bosons, for charge and spip; andp,. The parafermion fields are associated to the roots

of su(3). In the root diagram, a charge and a spin direction are chosen in such a way that a
spin doublet is present. In this way, the spin up and spin down electrons can be identified.
Note that only the cas®/ = 0 has an affineu(3), symmetry. ForM > 0, the charge axis

is deformed. As a consequence, the charged part of the vertex operator of thehgsans
depends on/.

In figure[3:2, we indicate the correspondence between the particle operators and the root
diagram ofsu(3). As can be seen form figufe B.2, the quasihole operators correspond to
(fundamental) weights ofu(3). These operators consist of a spin field corresponding to
the weight, and a vertex operator, which is also related tal&) diagram. The spin part
of the vertex operators are defined in such a way thattbemponent of the spin of the
electrons, which can be measured with= ﬁ %&ps, is % The charge is normalized
in such a way that the electrons have chargBor M # 0 this implies that the charge axis
of the root diagram is ‘stretched’, and the full symmetry is roB) 17, Where the second
label indicates the stretching of the charge axis. The electron and quasihole operators can
be written as

Vi, M = Ok,M = 2k . (323)

e =0l =gy (T (VM F peton)) (3.24)
= U=y - Vi (VERME3 =) 5 (3.25)
anl = o' =0y : (Vo (Tamnres wetes)) ) (3.26)

Vi =gt =0 : (Vo (Tamirs wemee)) (3.27)
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Figure 3.2: The rootée) and weightgo) of su(3).

where we have writtegy,, = ¢1, Yo, = V2 , 0w, = 01 aNdo_5, = o for simplicity
(details on the notation can be found in the appefndik 3.A).

The most basic spin fields; | transform as a doublet of the(2) subalgebra we iden-
tify with the spin of the particles. Note that faf = 0, the electron operators are currents
of the affine Lie algebra theory.

The wave function for the NASS state can be written as a correlator of the electron
operators in eqs[{3:24) and (3.25). By evaluating the vertex operators of the chiral bosons,
we arrive at the following form

Uiiass (25 2) = (@1 (2]) . (2] o) (2) - (2R )
v UMl 2ty (3.28)

% @g’2’1)(zT'zl) 12

17
Note that the explicit form of the Laughlin and Halperin wave functions can be found in
sectiong Z.3]1 and Z.8.2 respectively. As was the case for the Read-Rezayi states, the wave
function (32ZB) is non-singular, and in fact a polynomial in the electron coordinates. In
describing the explicit form of the wave functions for the NASS states in absence of quasi-
holes, we closely follow the results presentedin [9].

Because the structure of the parafermions of both the typgsand_,,, closely

resembles that of th®, parafermionsg);, we expect the structure of the trial wave functions
(that is, of the chiral correlator§(3]128)) of the NASS states to be similar to that of the RR
states, and also to generalize the Halpégr, 1) state. The RR wave functions were
constructed by dividing the particles into clusterskofriting down a product of factors
for each pair of clusters, and finally symmetrizing over all ways of dividing the particles
into clusters. Hence in the case with spin, we guess that we should divide the up particles
into groups ofk, the downs into groups @f and then multiply together factors that connect
up with up, down with down, or up with down clusters, and finally ensure that the function
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is of the correct permutational symmetry type to yield a spin-singlet state (in particular, it
should be symmetric in the coordinates of the up particles, and also in those of the downs).
We expect that the up-up and down-down parts of this should closely resemble the RR wave
functions, before the symmetrization; it was shown in ei. [85] that the functions found there
vanish wherk + 1 particles come to the same point, even inside the sum over permutations
that symmetrizes the final function. These considerations guided the following construction.
Due to the spin-singlet nature of the state, the wave function will be non-zero only if
the number of spin up and spin down particles is the same. Furthermore, there must be an
integer number of clusters, so the total number of partidlesiust be divisible bk, and
will be written asN = 2kp, wherep € N. One example was already given inl[10], namely
the wave function for the cage= 2, M = 0 with the number of particles equal #o(i.e.,

p=1),
T k=2,M=0
Uhage (e 2dsat ) = (] —2) (e — ) + (e —2) (] —2) . (3.29)

This is part of the two-dimensional irreducible representation of the permutation greup on
objects,Sy, as can easily be seen. This is the correct symmetry type to obtain a spin-singlet
state, as we discuss further below.

We will now describe the different factors that enter the NASS wave functions. Because
the only effect ofAM/ being non-zero is to give an overall Laughlin factor, we will assume at
first thatM = 0. First we give the factors that involve particles of the same spin, say spin
up. They are the same as in RRI[85]. We will divide the particles into clustetdrothe
simplest way,

(zI, .. .,zll)7 (z,;_l, .. .,zgk), e (Z(Tp_l)k+1, . ,z;k) , (3.30)

and the same for the’s. (In a more precise treatment, we would say that the fif&2
particles are spin up, the remainder spin down.) We write down factors that connett the
with the b cluster:

21 T T
Xa,b = (Z(a Dk+1 (b 1)k+1)(2(a Dk+1 (b 1)k+2)

T T T
(Z(a DE+2 b 1 k+2)(z(a Dk+2 ~ #(b— 1)k+3)

X ... X (zlk — z;k)(zgk — Z(Tb71)k+1) . (3.31)

Fork = 1, we would Wl’itexfljb = (2] - z;)Q. The factors that connect up with down spins
are simpler:

2t _ T 1 T 1 T 1
Xap = (Z(a—1)k+1 - z(b—l)k+1)(z(a—1)k+2 — 2 tyht2) (Zax — 20) - (3:32)

Fork = 1, the factor would becjjfl = (2} — 2}). We multiply all these factors for all
pairs of clusters, up-up, down-down, or up-down:

p
H XZ,Tb Xc i H Xe - (3.33)

a<b c,d e<f
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Notice that fork = 1, we do obtain the Halperin (2,2,1) wave function.

To obtain a spin-singlet state when the spatial function is combined with the spin state
(which lies in the tensor product df spins1/2), some symmetry properties must be sat-
isfied. For theM = 0 case, the particles are bosons, hence the full wave function must
be invariant under permutations of spins and coordinates of any two particles. This can be
used to obtain the correct form of the function from that component in which, say the first
N/2 are spin up, the rest spin down, as above, so knowledge of that component is sufficient.
The requirement that the full wave function be a spin-singlet can be shown to reduce to
the Fock conditions: the component just defined must be symmetric under permutations of
the coordinates of the up particles, and also of the down particles, and must also obey the
Fock cyclic condition, as given in ref_[56] (modified in an obvious way for the boson case).
These three conditions can be shown to imply that the spatial wave function is of a definite
permutational symmetry type (belongs to a certain irreducible representation of the permu-
tation group), that corresponds to the Young diagram with two rows f boxes each. In
general, given a function of arbitrary symmetry, a Young operator can be constructed that
projects it onto a member of the correct representation (though the result may vanish); this
construction generalizes the familiar symmetrization and anti-symmetrization operations.
For the present case, the Young operator is the following operation, equivalent to summing
over the function with various permutations of its arguments, and some sign changes: First,
anti-symmetrize irey, zy 2415 then inz, zn/049; ..., 2n/2, 2n; then symmetrize iny,

..y 2n/2; then finally symmetrize iy 241, ..., 2n. This clearly satisfies the first two
requirements of Fock, and can be proved to satisfy also the cyclic condition. It remains to
check that it is nonzero, we believe it is. Incidentally, the application of the Young operator
is the analog of symmetrizing over the down spins in the spatial wave function of the perma-
nent state (see e.g. ref-[84]), to which it reduces for the case of BCS paired wave functions
of spin 1/2 bosons (there are similar statements in the more familiar case of spin-singlet
pairing of spin 1/2 fermions). However, based on the example of the Halge#nl( case,

we also considered the function defined as in EG-{(3.33), and then simply symmetrized over
all the ups and over all the downs. For the Halperin function [which in fact is already sym-
metric in eq. [3:33)], this satisfies the cyclic condition, as can be seen using the fact that the
(1,1,0) state is a Landau level filled with both spins, plus the Pauli exclusion principle for
fermions. Fork = 2, 3, we verified the cyclic condition numerically for several moderate
sizes. Hence, we expect that this simpler form actually works fdr @bk well as for allV
divisible by k). Apparently, this procedure and the application of the Young operator give
the same function in the end (up to a normalization).

For M = 0, our wave function is then:

p p p
~k,0 T T’ 1 1
PNass = Sym H Xaw |1 X047 H Xe,f » (3.34)
a<b c,d e<f
where Sym stands for the symmetrization over the ups and also over the downs. This
function is nonzero, as may be seen by letting the up coordinates coincide in clusters of
each, and also the downs, all clusters at different locations, and making use of the result in

RR [85] that only one term in the symmetrization is nonzero in the limit. This term is the
Halperin (2k, 2k, k) function for2p particles. To obtain the wave function for genekd]
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we multiply by an overall Laughlin factof .

We can give a simple proof that our wave function (fdr = 0) vanishes if any + 1
particles, each of either spin, come to the same point. This works also for the RR wave
functions, and is simpler, though less informative, than the proof in [RR [85]. It works
term by term, inside the sum over permutations in the symmetrizer. Thus, without loss of
generality, we may use the simple clustering considered above. We note that on the clock
face formed by the labels ..., k within each cluster, there is always a factor connecting
any two particles at the same position, regardless of their spin. This factor vanishes when
the particles coincide. Since there are ohlglistinct positions, whe# + 1 particles come
to the same point, the clock positions must coincide in at least two cases, so that the wave
function vanishes, which completes the proof.

We do not have a direct general proof of the equality of these explicit wave functions and
the formal expressions ed-{3.28), but we have performed a number of consistency checks.
First, the wave functions are polynomials of the correct degree. Fronieg. (3.28)), we can
infer what the total degree should be. The parafermions of the correlator contribute with (see
[43]) —1-2kp- (1 — ). The factors of the 2,2,1 part a?e 2 - Lkp(kp—1) and1 - 1 - (kp)?.

Adding these gives, foM = 0, pk(3p — 2). We need to check whether e@-(3.33) gives

the same degree. For thth up particle, the degree @f in the product of up-up factors is

2(p — 1), and in the up-down factors js Thus the net degree iff is N, = 3p — 2 =
3N/2k —2, or for generalM, N, = 3p+ M(N —1)—2 = (M +3/2k)N —2 — M. This

gives the filling factow = 2k/(2kM + 3) [10], which reduces to that for the Halperin states

for k = 1, and also the shift, defined &, = N/v — &, which here isS = M + 2 on the
sphere (for more on the shift, see reéf1105]). Finally, the total degr@& stimes that in

zf namelykp(3p — 2) for M = 0, the same as for the correlator. Also, the numerical work
described in section .1 below confirms that the ground state of the appropriate Hamiltonian
on the sphere fok = 2, M = 1 at the given number of flux does have a unique spin zero
ground state at zero energy, so that the correlator and the wave function constructed above
must coincide. This also implies that the wave functions above must be spin singlet. As was
the case for the Read-Rezayi states, an alternative expression for the wave function of the
NASS states is possible; this form is discussed-in [92].

Though we do not have an explicit form of the wave functions with quasiholes, it can be
characterized by the correlator of quasihole and electron operators. Working out the chiral
boson part results in the form

kM To b Tl
\I/NASS qh(zz ) Zj7w wj)

<UT(UJI)-~-UT(U}L )Ui(w%)-~-Ul(wvlzl)¢1(zb~--T/JI(ZJTVTWJZ(Z%)---¢2(Z}vl)>
1/k L
S ORED| THORED] | (BRI | (CERTL
,J 5,J
X 1_[(107T - w;)m(%“‘” I_I(wLl — w})m(%ﬂ”)
1<j 1<j
x [Jw] —w})zares G420 (3.35)

]

==
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As in the previous cases where spin fields were present in the correlator, the expression
(B39) stands for a set of wave functions. The number can be deduced from the spin fields
of the su(3),/u(1)? CFT. We will come back in detail on the subject of state counting in

chapterB6.

3.6 The spin-charge separated states

The construction of the previous section, namely constructing spin-singlet analogs of the
MR quantum Hall state by usirgy(3), /u(1)? parafermions, can be generalized, by making
use of other rank affine Lie algebras. There are only two other rank two Lie algebras,
namelyso(5) andG2. We will concentrate on theo(5) case, as the quasiholes over those
states have an interesting property on top of the non-abelian statistics, namely, a separation
of the spin and charge degrees of freedom. This section is based on the Article [8], which
deals with the cask = 1. Here, we will be more general, and in most cases present results
for generalk, with the exception of the explicit wave functions. Note that one can also use
Lie algebras with rank > 2, as long as one can assign a propgt/(2))-spin direction
in the root diagram; the electrons should transform as a doublet under spin rotation. In this
section, we will concentrate on the(5) case.

The underlying structure of the spin-charge separated states is the affine Lie algebra
s0(5). The roots and weights, and the operators assigned to them are shown ifi figure 3.3.

Figure 3.3: The rootée) and weightgo) of so(5).

At level k = 1, the only parafermion field in the parafermionic cose5); /u(1)? is
the Majorana fermion, because this cosethe Ising model. It is thus expected that the
structure of the wave function at = 1 closely resembles the Moore-Read state. This is
indeed the case as can be seen from the explicit wave function (the electron operators are
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given in eq. [3:37))

T (], =) = PE( L )BT (3.36)
T; — X

wherex; can be either a spin up or a spin down electron. The pairing property is somewhat

different from the previous spin-singlet states. We will discuss the pairing property using

thek = 1, M = 0 wave function in equation {3:.86). Note that fdaf = 0, this wave

function has poles when a spin up electron is at the same position as a spin down electron

(this problem does not occur for the physical situatidn= 1).

In the casek = 1, up to two particles of the same spin can be brought to the same
location while the wave function is still non-zero. So even for two spin up and two spin
down particles at the same location, the wave function doesn’t vanish (in fact, has a pole).
Thus, the clustering holds for the spin up and spin down particles separately, while for the
spin-singlet clustered statds(3.34), putting &ny 1 electrons at the same position make
the wave function vanish.

In general, the electron operators for Hg5),, states are given by

esz =yl = IS eﬁ(v%M+1 Pets) - (3.37)
oy =W =gy eV VIRITIeTe) (3.38)

where now the parafermion fields are in fact the fiedds = ¢, 10, andy; = ,,.
Here,«; is a short root, andw; a long root. Note that in the cage= 1, they are just a
Majorana fermion); = ¢, = ¢ (because of a field identification in the parafermion CFT,
see appendix 3]A).

The operators\ indicated in figurg_3]3 are characterized as

Ap=: eV e (3.39)
Af — . eFiVEes , (3.40)

whereA =171, || refers to the spin eigenvalues = +1.
The operators creating the quasiholes in this quantum Hall state are given by

l;ﬁ,c = ¢c = 0w, - eﬁ(ﬁwd ) (341)
£
Vibil =05 = Ot(wr—ws) eveR? L, (3.42)

w; andw, are fundamental weights of the Lie algebté5). Again, one has to bear in mind

that fork = 1, both the spin fields appearing in the quasihole operators are equal to the spin
field of the Ising model. Apart from the non-abelian statistics, the quasihole excitations over
these quantum Hall states show a separation of their spin and charge degrees of freedom.
The charge of the holon is given lay, = ﬁ while it has no spin. The spinon just

have spin up or spin down (namely = i%) and no charge. This structure of spin-charge
separation comes back in the K-matrix description of these states (discussed fardevel

in [B]; results for generak are presented in sectign 5.4 of this thesis). A more general
account on K-matrices for conformal field theories can be found in [7].
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Also for this case, one can study the ground state degeneracy of states with quasiholes
present. Fok = 1, the results will be similar as those for the MR state. However, we didn't
study this case yet. It will be more involved than the cases discussed in cfapter 6, because
the Lie algebrao(5) is non-simply laced, which complicates matters quite a bit.

3.7 Overview of properties

In this section, we give an overview of the properties of the clustered quantum Hall states
discussed in this chapter. We will concentrate on the properties of the states without quasi-
hole excitations, because the properties of these excitations will be studied in the next chap-
ters.

For now, let us start by recalling the filling fractions of the various quantum Hall states.
The (electronic) filling fraction is determined by the coefficients of the charged chiral bosons
in the electron operators. We refer to taplg 3.1 for the values of the filling fractions, or
the various sections in this chapter. For the spin-singlet states, one can define a spin Hall
conductance, similar to the (electronic) Hall conductance (see s€cfjon 2.1). For both types
of spin-singlet quantum Hall states of secti¢n3$ 3.5@nd 3.6, the spin Hall filling is given by
ou = 2k, independent of\/ (which only affects the ‘charge’ properties of the quantum
Hall states, see also sectipn4.2.3).

From the definitions of the electron and quasihole operators, the scaling dimension can
be obtained by the standard CFT techniques (see, for instence, [34]). The details of the
underlying parafermion CFTs will be discussed in appefidix 3.A. These scaling dimensions
(also tabulated in tablg”3.1) are important in the description of the various tunneling exper-
iments one can, in principle, do. However, these experiments are very delicate, and at this
point doing such experiments on samples which show the famous platéziilliag is still
out of reach. Nevertheless, the tunneling characteristics of the clustered states might pro-
vide an experimental check which can discern the various quantum Hall states at the same
filling fraction.

To illustrate this, we will take a closer look at the spin-charge separated state at filling
fractionv = % (i,e.k = 1, M = 1). At this filling fraction, another spin-singlet quantum
Hall state has been proposed. This is a state of the so called Jain-5éries [60], with anti-
parallel flux attachment]T13]. In short, the idea behind the construction of Jain is that an
even number of flux quanta gets bound to the electrons. In effect, the composite particles,
which are fermions again, feel a reduced magnetic field. If thesgposite fermionll an
integer number of (effective) Landau levels, a quantum Hall effect can occur. The filling of
the electrons is a fraction, so this construction gives rise to fractional quantum Hall states.
The (electron) filling fraction in the case effilled Landau levels of composite fermions
with 2p units of flux attached, is given by = ﬁ. The+ (—) sign applies in the case
where the attached flux has the same (opposite) direction as the applied magnetic field.

So at certain filling fractions, there may be various proposals for quantum Hall states.
Which state is formed depends heavily on the details of the energetics, which is very hard
to calculate analytically. Numerical analysis might indicate which state is the most relevant
one, as was done in the case of the- % gH state (see, for instancé, [72]). On the exper-
imental side, one can look for properties which differ for the various proposals. Often, the



50 Chapter 3. Clustered states

tunneling characteristics of the quantum Hall states indeed differ among the different pro-
posals. As indicated above, doing these tunneling experiments might be hard; however, we
think they provide an interesting check to see which states occur under various conditions.

The relevant electron and quasihole operators needed to calculate the tunneling charac-
teristics of the Jain states were identified[in [70]. For the spin-charge separated states, they
can be found in tablE=3.1.

Here, in describing the tunneling behaviour, we will follow the discussion presented in
[0]. We will concentrate on the process of tunneling electrons from a Fermi liquid into the
edge of the quantum Hall system. Moreover, we will only address the scaling behaviour,
rather than the amplitudes. The tunneling curtehas the scaling behaviouirx V<. The
exponentxy is determined by the scaling dimension of the tunneling operator, which in turn
is determined by the electron and quasihole operators. So because in general the scaling
dimensions of the electron operators differ between the various quantum Hall states, also
the I-V characteristics is different. For the composite fermion state at filling % the
scaling dimensions of the electron and quasiholes are calculatéd in [70]¢to-be2 and
Gqh = % respectively. Thé —V characteristics for tunneling electrons into the edge is given
by I ~ V9, so the composite fermion state gives rise to a quadfaticV’. For the spin-

charge separated states, the scaling dimensions are giverbW +2, gno1 = 1261‘]'\44158 and

Jsp = g for the electron, holon and spinon, respectively (see also [8]). Thus, for the spin-
charge separated state at filling= % we predict a cubid — V. Though experimentally
measuring the scaling behaviour of the- V' of the tunneling processes might be very
hard, it is a probe which distinguishes (some of) the various quantum Hall states which are
proposed at the various filling fractions.

We end this section by providing a summary in the form of table 3.1 of the properties
of the various clustered quantum Hall states discussed in this section. The main properties
of the quantum Hall states are indicated, as well as some of the properties of the underlying
CFTs.

3.A General parafermion CFTs

Following the work of Gepner[43] throughout this appendix, we will state how the general
parafermion fields can be described and indicate which fields are used in the construction of
the clustered quantum Hall states. Here, we only give the minimal information necessary,
for details we refer to{43].

The fields of theg, /u(1)" parafermion CFT (wherg;, is a simple affine Lie algebra)
are written asb4. Both A and\ are weights of the simple Lie algebga is considered to
be achargeand is defined modulbM ;,, whereM , is the long root lattice of. The action
of the (proper) external automorphisms the affine Lie algebra (unfortunately also denoted
by o) imposes field identifications among the fields

o(A
ot = (3.A1)

Details on the external automorphism<an be found inl[34]. Another constraint on the
labels of the field® is that the weight needs to be ‘accessible’ fromby the subtraction
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of roots (includingag). The minimal number of times the roat needs to be subtracted
will be denoted byn4. Thus if A € A (now at the level of the simple Lie algebg then
A
ny = 0.
The conformal dimensions of the fields are given by

A-(A+2p) XA
AY = — A 3.A2
T T3ktg) 2w ™ (3.A2)

In this equation, the inner products are defined with respect to the quadratic form matrix.
2p is the sum of all the positive roots of the corresponding Lie algebra.

The central charge of the parafermionic CFT is giverthy= c.r. — r, wherec,r, is
the central charge of the CFT with affine Lie algebra symmgirandr is the rank of the
Lie algebrag. The central charge of the CFT with affine Lie algebra symmetry is given by
CaLa = kd—fg, whered is the dimension of the Lie algebra andhe dual Coxeter number
(no confusion should arise in using the same symbol for the Lie algebra and its dual Coxeter
number).

The remainder of this section is devoted to the (parafermion) field we used in the de-
scription of the paired quantum Hall states discussed in this chapter. Some of the properties
of the various fields used are given in taplg 3.1.

The parafermion fieldg,,, used in the definition of the electron operators, are in fact
the fields®?!. In this notation,l denotes the vacuum representatlos: (0, ..., 0) anda is
a root. The operator product expansion (OPE) of the parafermion fields have the following
form

ba(2i)p(2) = (20 — 2)2eto ™ B804 5(25) . (3.A3)

The scaling dimensions of the parafermion fieldscan be obtained using eq-(3]A2). In
the case of the parafermions used in the electron operatos= @1, whereq is in the
adjoint representation, one finds thdt = 1, implying A, = 1 — ﬁ whereb = 1 in the
case of simply-laced Lie algebra.= 3 for the Lie algebraz, andb = 2 for all the other
non simply-laced Lie algebras.

The form®! for the parafermion fields,, implies that the fusion of two parafermion
fields is always trivial

'(/Ja X wﬁ = '(/}aJr,B ) (3A4)

where the labels are modulotimes the long root latticeM . Together withr boson
fields, these parafermions can be used to make the cutrént$ the corresponding affine
Lie algebra CFT. In general, the spin fields, are the fieldsdZ,, wherew’ lies in the
fundamental representation.

To obtain the operators for creating the electrons and quasiholes, the parafermion and
spin fields must be combined with vertex operators of chiral boson fieldsiFer 0, this
is done in such a way that the electron operators become currents of the underlying affine
algebra. For the rank Lie algebras, we choose a spin and charge axis in the root diagram
consistent with the spin of the electron. The conformal dimension of a vertex opefator
is given byA, .. = %2 Thus the form of the vertex operator part of the electron operator
is fixed. Together with the assignment of charge and spin to the root diagram, this also fixes
the form of the quasihole operators. This procedure automatically takes care of the fact
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that the quasiholes have to be local with respect to the electron operators. The results for
the various states are given in the preceding sections; they are also collected jnjable 3.1 in
sectionC37T7.

An important property of quantum Hall states, at least from a theoretical point of view,
is the degeneracy of the state on a torus. This degeneracy can also be characterized by
the number of fields in the chiral algebra of the CFT for the quantum Hall state (see, for
instance, [71]). In the case of the abelian quantum Hall states, this torus degeneracy can be
calculated from the K-matrix of the electron sector, as was shown by Wen (see, for instance,
[TO5]). The result is simply the determinant of the K-matrix for the electron sector. For
the non-abelian quantum Hall states, this result does not hold anymore, because of the
parafermionic CFTs (for the abelian qH states, only chiral boson fields are present). Of
course, one would like to have a way of obtaining the torus degeneracy directly from the
K-matrices for the non-abelian quantum Hall states, as described in cfjapter 5. At this point,
we do not have such a formula. However, we can calculate the number of primary fields in
the parafermion theories, and combine this result to the degeneracy ‘caused’ by the chiral
boson fields present in the electron operator.

Using the constraints of the beginning of this appendix, we find the following num-
bers of (parafermion) primary fields for the(2) andsu(3) states, namelyk(k + 1) and
+k2(k + 1)(k + 2), respectively. For theo(5) parafermions we find k2(k + 1)(k + 2)
primary fields.

These numbers need to be combined with the degeneracy caused by the chiral boson
fields in the electron operators. For the RR, NASS and SCsep states, these are given by
M + 2, 220043 and 2E4EL respectively.

Combined, the degeneracies of the various quantum Hall states on the torus are given
by 1(k+1)(kM +2) and i (k +1)(k +2)(2kM + 3) for thesu(2) andsu(3) states, while
theso(5) states have degeneraéyk + 1)(k + 2)(2kM + 1).
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Chapter 4

Statistics properties

In this chapter, we will introduce the concepts needed to discuss the statistics properties
of the electrons and quasiholes of the paired quantum Hall states. The language we use is
that of the so calledxclusion statisticprinciple introduced by Haldane in the early 90-ties
[B1]. The idea behind this principle is to generalize the Pauli exclusion principle, which
states that no two electrons (or fermions in general) can occupy the same quantum state.
Thus the presence of an electron diminishes the allowed states for the other electrons by
one. Haldane introduced the concepfraftional exclusion statistics. This concept will be

very useful in the state counting, which is discussed in ch@pter 6. It turns out that the matrix
containing the statistics parameters of the particles of the quantum Hall states has an direct
relation with the K-matrix description of the quantum Hall states. These K-matrices of the
clustered quantum Hall states will be discussed in the following chapter. This chapter deals
with the formalism of describing non-abelian (exclusion) statistics which is needed in the
next chapter. This chapter is based on the sections 4 and’5 of [7].

4.1 Abelian exclusion statistics

To explain the concept aéxclusion statisticswe will follow the way in which Haldane
originally defined this concept, but focus on the concepts needed in this thesis (such as the
state counting). As an example, we will take the spinons which form in the Haldane-Shastry
spin chain [50/[93]. This spin chain is& = % Heisenberg chain witlnverse-square
exchange.

The idea behind exclusion statisti¢sI[51] is that, in finite systems, the number of states
which are available for a particle, depends on the number of particles already present. More
precisely, the addition of a particle diminishes the number of available states for particles
which are added afterwards. For fermionic particles, the number of available states would
diminish by one if a particle is added to the system. In the other familiar case, namely
bosons, the number of states would stay the same. Haldane proposed the following interpo-
lation between fermions and bosons. dgbe the number of available states for species
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By adding a particle of specigg(i.e. AN; = 1), the numbetl; changes according
J

The elementgy;; are called the statistical interaction parameters. For bosons, we have
gi; = 0, while fermions obeyy;; = ;;, which is the Pauli exclusion principle. The idea of
Haldane is to consider more general forms of statistics, such as fractional statistigs; The
have to be rational, in order to have a well defined thermodynamic limit. Crucial for this
definition to work is the assumption that we want to descfibige systems, and that the
particles are added while the boundary conditions are fixed. That systems with fractional
exclusion parameters can occur will be demonstratedgoronssystems, see below.

The exclusion statistics can also be defined via the consequences it has for the state
counting. The number of states fof identical bosons or fermions i@ orbitals is well
known, and given by

(G+ N -1)! G!
= = — . 4.2
W NG —1)! W NI(G — N)! (4.2
The state counting for particles obeying general exclusion statistics is giveény [114]
G+N ole—(SZ !
W H Z] 47( J 7)) ) (43)
—1 =3, ai(Nj = 6;5))!

Using these multiplicities and the grand canonical partition function for a system of particles
obeying fractional statistics, the equatiopns](4.4) (see below) are obtained. From these equa-
tions, which describe the 1-particle partition functions, the other thermodynamic properties
can be derived.

In this thesis, we will use the concept of fractional exclusion statistics mainly to describe
the fractional quantum Hall states. We find an interesting relation between the exclusion
statistics matrices and the K-matrices describing the topological properties of the quantum
Hall states. In chaptdt 6, we will use the exclusion statistics of the parafermions to obtain
the ground state degeneracies of the clustered quantum Hall states on the sphere, in the
presence of quasihole excitations. Before we come to that point, we will first take a closer
look at a system, which is best described as an ‘ideal gas of fractional statistics particles’.

An important consequence of the concept of an ‘ideal gas of fractional statistics parti-
cles’ is the notion of 1-particle distribution functions which generalize the familiar Fermi-
Dirac and Bose-Einstein distributions. These distributions can be derived from *‘1-particle
grand canonical partition functions’. These quantities, which we denotg; bgatisfy
the following set of equations, which were independently derived by Isakov, &asnie
Veigy-Ouvry and Wu (IOW) [[59/26.T14]

< > H P (4.4)

where; = \i(z1,...,2,), With z; = 5= is the generalized fugacity of species
Note that the energy may also include contributions from the coupling of the charge and
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spin of the quasiparticles to external electric and magnetic fields. Hence the information
about charge and spin of the quasipatrticles is also encoded in these generalized fugacities.
The fugacities of the particles will be important for the distinction between abelian and
non-abelian statistics, as we will point out later. The maki# is the so-called ‘statistics
matrix’ and describes, at least in the original situation in which Haldane introduced his new
notion of statistics, the statistical interaction of particles of different species.

From the solutions,; of the IOW-equationg{4.4) the one-particle distribution functions
n;(e) are obtained as

d d
nile) = 25— 1ogHAj|Zi:eﬁ(M_e) = sza log A TR (4.5)
J J

where we have assumed that the malgtk is symmetric.

Before we go on to describe the in which way the statistics matrices are used in a quan-
tum Hall situation, we will first consider a basic example of the application of exclusion
statistics, namely the of the spinons relatedd(2); .

4.1.1 Spinons

In this section, we will usepinonsto explain the concept of exclusion statistics. In general
(including arbitrary dimension) spinon excitations can occur in the background of a anti-
ferromagnetic resonating valance bond (RVB) state; they are unpaired spins. Consider a
system ofN spins, andV,, spinon excitations, leaving an intege¥ — Ny,)/2 unbroken
bonds. Because of the non-orthogonality of the states, the dimension of the Hilbert space is
given byl 4 NNy , independent of the spinon typge[52] 51]. To clarify this statement, we
take a look at a three site system. Assume that the spins on two of the sites form a bond,
while the third site contains a spinon (of either spin). Moving the spinon to one of the sites
of the bond only leads to one other independent state; thus, for each bond, there is only one
extra spinon state. Of course, summing over all possible states of a systérsitefs leads

to a total number of states @f', as expected.

Thus, we come to the conclusion that addihg spinons to the system reduces the
dimension of the Hilbert space for the next added spinon:ithe spinons obey semionic
exclusion statistics, interpolating between the fermion and boson statistics. The statistics
parameters are given by

) . (4.6)

One place where these spinons occur is the Haldane-Shastry spin chain. In [52], Haldane
derived the exact spectrum and the thermodynamics of this system. In this analysis, the
spinons played a crucial role. Without going into all the details of the system, we give the
hamiltonian for the model on a ring, with periodic boundary conditions

i
ol
|
~
Sl M
Sl M

H=JY (dn-n) )’S,. - S 4.7)

n<n’
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whered(n) = & sin(%) is thechord distance Thus the model[{4.7) is an example of a
1-dimensional system in which particles with fractional (exclusion) statistics are present.
On the level of conformal field theory, the properties of the spinons were derived in [90].
The 1-particle distribution functions obtained there exactly correspond to the distributions
obtained form the exclusion statistics matrix]4.6). The method usedlin [90] is that of
‘truncated chiral partition functions’. This method will be used (and explained) in this

thesis in chaptef 6.

4.1.2 Abelian quantum Hall fluids

The relation between, on the one hand, the K-matrix of an abelian quantum Hall fluid and,
on the other hand, the exclusion statistics of its charged edge excitations, can be described
as follows. The charged edge excitations are described by a specific conformal field theory,
also known as a chiral Luttinger liquid. Following a procedure first proposedin [90], one
may associate a notion of fractional exclusion statistics to a set of fundamental excitations in
this CFT. Selecting a particular set of negatively charged ‘electron type’ excitations together
with a ‘dual’ set of positively charged quasihole excitations, one precisely finds fractional
exclusion statistics in the sense of Haldane, with statistics mittixjiven by

K = K, ® K, (4.8)

with K. andK, the K-matrices for the abelian quantum Hall state. For the principal Laugh-
lin series at filling fraction = 1/M, this result was obtained in[30], in its general form it
first appeared in[6]. The relation of the identificatign]4.8) with character identities involv-
ing so called universal chiral partition functions will be discussed in seftipn 4.3

In [40], a slightly different identification between the K-matrix and a statistics matrix,
amounting toK = K., was proposed. The two proposals can be reconciled by realizing
that we, in our analysis of edge excitations, restrict ourselves to quanta of positive energy
only. From the duality relations that we discuss below, one learns that, in a precise sense,
guasihole quanta of positive energy can be traded for holes in a ‘Fermi sea’ of electron-type
guanta at negative energy, and in this way one arrives at a complete description in terms of
the matrixK, alone.

In chapter[p, we will identify the statistics matrices for excitations over non-abelian
guantum Hall states, followindgl[6]. Extending the identificatign](4.8) to the non-abelian
case, we shall propose K-matrices for the non-abelian quantum Hall states. We would
like to stress that, although many of the formulas from the well known abelian K-matrix
description still hold for the generalized K-matrices we find here, the description for the
non-abelian states is on an entirely different footing. The abelian K-matrices were intro-
duced to describe quantum Hall states in the ‘most general’ way, i.e. by trying to implement
the hierarchical schemes in a general way. In the non-abelian case, we need the K-matrix
structure to keep track of the non-abelian statistics. So although we use a matrix structure,
we are not describing a hierarchical situation.

We continue this section with a discussion of the fundamental ‘particle-hole’ duality
between the electron and the quasihole sectors of the theory. To show how this duality
works, we assume that we hanequasiholes) andn electron-like particlesl described
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by the matriceX s andK., respectively. We assume that¥), = K., and (i) there is

no mutual exclusion statistics between the two sectors (meaning that the statistics matrix
is given by the direct sun{{4.8)). These two conditions in fact constitute what we mean
by duality in this context. In the context of low-energy effective actions for abelian fqH
systems, a similar notion of duality has been considered (see, [eg. [107] and references
therein).

With the matrice&K, andK., two independent systems of IOW-equations can be written
down, and these systems are related by the duality (for clarity, we will denote the single level
partition function for the quasiholes and electron-like particles\bgand u; respectively;
the corresponding fugacities will be denoted-hyandy;)

—(Ke)i;

No=—t x; =

4.
P Y; : (4.9)

as can be verified easily.

As an illustration of the duality, we calculate the central charge of the conformal field
theory that describes the edge excitations. We focus on the abelian case. In the non-abelian
case, which we discuss in the next section, there will be a subtraction term due to the pres-
ence of pseudoparticles.

In general, for abelian quantum Hall states, the central charge is given by

6 [!dz
COFT = —5 / — log Att(2) (4.10)
i 0 z

where\t(z) denotes the produtﬂ A; evaluated at; = z for all j. It has been shown
(see [22[717] and references therem) that, upon using the IOW-equdtians (4.4), this can be
rewritten in the following form

6
corr = 5 > L&), (4.11)
whereL(z) is Rogers’ dilogarithm
L(z) = J/ dy (bgy 4 log(l - y)) . (4.12)
2.Jo L—y y

In [63], many interesting identities involving the dilogarithm can be found. The quantities
& which appear in eq[{4.11) are solutions to the central charge equations

&=JJa-g) . (4.13)
J
For the abelian quantum Hall case, we have two matri€gsand K. and we need the
solutionsé; andn; of the equations

n

H j)edia m= [ (@ =nyt. (4.14)

Jj=1
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By virtue of the duality, these solutions are related by a simple equagjoa:1 — &;. This
leads to

7T2

D L&)+ Y L) =D (L€) + L = &) =nL(l) =n-x.  (415)

%

So in the abelian case, we correctly find that the central charge is just given by the number
of species in the theorycrr = n.

4.2 Non-abelian exclusion statistics

In this section, we focus on K-matrices and statistics matrices for non-abelian quantum
Hall states. We shall first introduce new types of particles, pseudoparticles and composite
particles, and explain the role they play in the non-abelian case. We also extend the notion
of duality to the non-abelian case. After that we discuss various aspects (filling factors and
shift map) of the quantum Hall dat§, t, s andj in the non-abelian case.

Among the new particles that appear in non-abelian theories are so called ‘composite’
particles in the electron sector. These will show up as particles which have multiple electron
charges. We introduce an integer lahébr an ordert; composite particle of charde.); =
—l;.

In the quasihole sector, we encounter so called pseudoparticles, which do not carry
any energy, but rather act as a book-keeping device that keep track of ‘internal degrees of
freedom’ of the physical quasiholes. The notion of a ‘pseudoparticle’ can be traced back
to so-called string solutions to the Bethe equations for quantum integrable systems in one
dimension, such as the HeisenbeYgX X chain (seell96], where the contribution to the
thermodynamics of the string solutions for theX X chain is computed). Pseudoparticles
were used (and received their name) in the TBA analysis of integrable systems with non-
diagonal particle scattering (see, eld._1116]). In the context of exclusion statistics they have
been discussed in 40,148 17, 6]. We assign the lgbel0 to all pseudoparticles.

An important observation, first made ifi [6], is that the duality between the electron
and quasihole sectors naturally links the presence of composite particles in one sector to the
presence of pseudopatrticles in the other. Physically, this is a link between the pairing physics
of the non-abelian quantum Hall states and the non-abelian statistics of their fundamental
excitations.

4.2.1 Composites, pseudoparticles and null-particles

The presence of pseudoparticles and composite particles calls for a slight generalization of
the discussion of the previous section. When focusing on the dependence\gfathéhe
energye, the natural specialization of the generalized fugacities given byz; = 2!, with

z = e~ P, Inthe presence df # 1, the 1-particle distribution functions take the form [note
that a composite particle labeled hycarries energy;e]

0 _ 3]
ni(e) = Z"_ IOgH[)\J]lJ c=eBlui—l€) = Z ZJZ7_ lOg )\Z| c=eBlui—lie) * (416)
821 - zi=e ; 8zj zi=e




4.2. Non-abelian exclusion statistics 61

With the following definition ofAw(2)

Mot(z) = [ [Nz = 29)) (4.17)

%

the central chargecpr is again given by the expressidn{4.10). We note that in the special-
ized IOW equations, with; = 2%, the right hand side of the equations for pseudoparticles

is equal to 1. When focusing on quantum numbers other than energy, such as spin, we will
consider slightly more general versions of the quantity.

In all examples (abelian and non-abelian) that are explicitly discussed in this thesis,
we assume a choice of particle basis such that —t.. For the abelian quantum Hall
states we further assume that); = —1 for all . In the quasihole sector we specify
(Ig); = ﬁ(qu)ij(le)j = ﬁtqb, wheregq, is the smallest (elementary) charge in the
guasihole sector. [This implies that, even in the abelian case, we may treat some of the
guasiholes as composites of the most fundamental ones, thereby generalizing the discussion
of the previous section.]

Under these assumptions, we find that under duality(z) and u10+(y) are related in
the following way

)‘tOt(x) = x’yugot(y) ) Y= x_ﬁ ’ (418)
with
1 v
dap 4ap

A clear sign of non-abelian statistics is found in the way the quantitfor physical
particles depends on the fugacity Puttingz; = 1 for all pseudopatrticles, and focusing on
the smallz behaviour of)\;, one finds

Ni=14+a;z; + 0(22) . (4.20)

In the abelian casey; = 1, whereas in the non-abelian casge> 1. The factorsy; lead

to multiplicative factors in the Boltzmann tails of the one-particle distribution functions for
physical particles. The quantities are in fact the largest eigenvalues of the fusion matrix
[22], i.e., the quantum dimensions (see, for instance, [34]) of the conformal field theory
associated to the quantum Hall state, and can easily be calculated for the cases we deal with
(see sectiong§.1 andb.2).

In [B], we presented a generalized K-matrix structure for some recently proposed quan-
tum Hall states. The proposed K-matrices were identified via their role as statistics matrices
for the fundamental charged edge excitations. In the quasihole sector, the non-abelian statis-
tics leads to a specific set of pseudoparticles and an associated statisticSp & [17].

The matrixK,, related taKy by the dualityK, = K;l, refers to particles which are iden-

tified as composites of the fundamental electron-like excitation. From the point of view of
the wave functions for the non-abelian quantum Hall states (see cliapter3land [71, 85, 10]),
the presence of composite excitations is very natural. This is because the non-abelian states
show a clustering property, as described in sedfign 3.1-In[46] 45, 6] it was argued that the
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wave functions which show pairing (at= 2), are related (in the non-magnetic limit, i.e. in
the limit of v — o0) to BCS superconductivity.

Composite particles are identified as particles whose generalized fugacities are specific
combinations of the generalized fugacities of other particles, i.e., all quantum numbers of
composite particles are completely determined in terms of the quantum numbers of their
constituents. It has been shown [n1[17] that particular kinds of composite particles, so-
called null-particles, accounting for the null-states in the quasiparticle Fock spaces, are often
needed to interpret the system in terms of Haldane’s exclusion statistics or, equivalently, to
write the partition function in UCPF form (see also secfion #.3.2).

We now turn to the computation of the central chatger the non-abelian case. It was
shown in [17], that the presence of pseudoparticles leads to a simple correction term that is
subtracted from the abelian resedt=r = n. For the pseudoparticles, a system of equations
like eq. (4-IB) can be written down

g=Tla-¢gy, (4.21)

J

where the prime indicates that the product is restricted to pseudoparticles. The correction
term is given by a sum over the dilogarithm of the solutiong"0f (4.21), leading to

Copr = n — % Z L€ . (4.22)

4.2.2 Onfilling factors

Up to now, we merely asserted that the statistics maticean also serve as (generalized)
K-matrices for non-abelian quantum Hall states. To make this statement more clear, we
will now investigate how some of the ‘K-matrix results’ for abelian quantum Hall states
generalize to the non-abelian case. In this derivation, we make the assumption that the
pseudoparticles do not carry charge or spin. In all cases that are explicitly considered in
chapter[b this assumption holds in the simplest formulation. If pseudoparticles do carry
spin or charge, the formulas we obtain below need to be modified.

Let us start with the filling factor corresponding to state which is described by the IOW-
equations, for a statistics matri., charge vectot., and labeld, = —t.. We couple
the system to an electric field by takipg = y— (<), [This is when the orientation of the
electric field is such that the response is carried by the negatively charged excitations.] The
largey (i.e. low temperature) behaviour of the IOW-equations] (4.4) is then given by the
following set of relations

[Lws oy, (4.23)
J
which imply, whenkK is symmetric (which is assumed throughout this thesis) and invertible

o= [ Lo ) oyt (4.24)
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Because the left hand side of Ef.{4.24) in fhe—~ 0 limit determines the filling factor
throughpio ~ 3¥, we find the well-known formula

v=t. K '-t.. (4.25)

For the opposite orientation of the electric field, a similar expression is obtained by starting
from the K-matrix for the (positively charged) quasiholes

v=t4 K1 ty. (4.26)

This result could also have been obtained by using[eql(4.25) and the transformation prop-
erties ofK, andt. under duality. We remark that the above derivations explicitly assume
that only the physical particles respond to the electric field, i.e., that all pseudoparticles are
neutral.

Let us now turn to the spin Hall conductance, and the corresponding spin filling factor.
The derivation of the corresponding spin filling factor

c=s.-K'-s 4.27
e Ko -se, (4.27)

goes along the same lines as the derivation of the electron filling factor. As an extra step,
one needs to relate the fugacities of the spin up and down partictgsbyl/y; = z. This
results in

[T s ~ zmetectse (4.28)

leading to Eq.[[4:27). It is important to note that this formula only holds in the cases where
the pseudoparticles in thiesector do not carry spin. As a check on this formula, one would
like to have a procedure to obtain the spin filling factor directly from the wave functions, as
is possible for the electron filling factor. To do this, one has to count the zeros of the wave
function with respect to one reference particle (of a given spin, say, up). The total number
of zeros gives the total flux needed on the sphere as a linear function of the total number
of electronsN,. By using the relation betweeN, and N¢ given in (Z35) one obtains the
electron filling factor and the shift. To obtain the spin filling factor, one has to keep track of
two different types of zeros, namely those with respect to a particle of the same spin, and
the ones with respect to particles of the other spin. We will denote the number of these zeros
by qu anquﬁ respectively. The electron and spin filling factors are obtained from

1
N¢:N;+N$_;Ne—87

1
NqL—N;,:;NE—s.

(4.29)

We applied this procedure to the non-abelian spin-singlet stateésiof [10] (the explicit form
of the wave functions are given in sectipn]3.5), and indeed found the same results for the
electron and spin filling factor as obtained from the K-matrix formalism, [€q-](3.23). Also
the electron filling factor for the Read-Rezayi states is reproduced correctly, s€e€qg. (3.12).
In addition, for both types of states we found that the shift on the sphere is in agreement

with (Z8) forg = 0.
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Summarizing, we have presented evidence that duality relations

Ky =K', ty=-K_

e

1, te, S¢ = —K;l - Se Jo = —K;l “Je - (4.30)

are applicable to both abelian and non-abelian quantum Hall states, and that the expressions
(Z23) for the filling factorsy ando apply to the non-abelian case, in a formulation where
pseudoparticles do not carry spin or charge.

4.2.3 Shift map

Suppose we have a fractional quantum Hall system which is characterized by the data
(Ke, te,se,je). We can then construct a family of fractional quantum Hall systems, pa-
rameterized by € Z., by applying the ‘shift mapS,, introduced in [36]. In the cases

we consider,M odd (even) corresponds to a fermionic (bosonic) state respectively. At
the level of trial wave function®(z), Sy, simply acts as a multiplicative Laughlin factor
[L;<; (2 — z))™. Thus,Sx increases the number of flux quanta by

No = N+ M(N, = 1) = (= + M)N, — (S + M) , (4.31)
14

vl M oo, S—S+M. (4.32)
In fact, Sys acts on the fqH datéK,, t., s., j.) as

SJWKe = Ke + Mtete y
SMte =t.,
ShiSe = Se (4.33)

.. M
SM.]e =Je+ 7te .

One easily checks thaf{4]33), together wih {4.25), leads to the shift inas given in
(B=32). By duality [4-30) one obtains

SuKy =Ky — tst
MBe =R T T uM
1
Sarty = ———tg
CT1+vM (4.34)
SMS¢:S¢,

Sui i M vS—1 ¢
MI6 =™ 9 \ 11 onr ) P
A few remarks should be made. By using the dualify {4.30), one actually finds for the

action of the shift map oB,: Sarsy = sg + A’ﬁ;‘j;;)%. However, the shift map is only
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supposed to act on the charge component of the particles, thus we would like to demand that
Sms¢ = se. Therefore, for consistency, wequire

ty se=—t. K ' s, =0, (4.35)

€

leading to [4-34). Of course, relation{4.35) is just the statement that for spin-singlet states
there should be &, symmetry(t.,s.) — (t., —s.). Equation [Z-35) is fulfilled for all our
examples (if we take, = 0 for the spin-polarized states). Although, in genejahas to be

treated as an independent variable, for the states discussed in sgcjiorfs 3.4 to 3.6 all formulas
are consistent with the relatign = s, + ﬁte.

In this thesis we will be mainly concerned with fractional quantum Hall systems cor-
responding to conformal field theorigs 5, which are deformations of the conformal field
theory based on the affine Lie algelyaat levelk. Theg symmetry greatly simplifies the
determination of the fqH datg., t, s, j.) for g,. The fqH data fog s are then simply
obtained by applying the shift operat8j; as in {4:3B). The action of the shift map can be
visualized as follows. Charge is usually identified with a particular direction in the weight
lattice ofg. The degrees of freedom associated to this direction can be represented by a
chiral boson compactified on a circle of some radiusThe shift mapS;; has the effect of
rescaling the radiu® while keeping all other directions in the weight diagram fixed.

4.2.4 Composites

The description of a physical system in terms of a set qfiasiparticles with mutual exclu-
sion statistics given by a matri¥;;)1<i j<» iS not unique. In particular one may extend
the number of quasiparticles by introducing composites as we will now explain.

Consider the IOW-equationg{#.4) with

aiq oo Qip zZ1
K = : : R zZ = : . (4.36)

Apl -+ Gpp Zn

If we define the operatiod; ;, corresponding to adding a composite of the quasiparticles

ij
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andj to the system, by

ai e a1n ay; + ai;
aij + 1
CMK = aji +1 s (437)
an1 Ann Api + Apj
a;1 + aj1 Qin + Qjn ay; + 2a;5 + ajj
and
CijZ = (Zl,...7Zn;ZiZ]‘) , (438)

such that, in particular,
CijSZ (Sl,...,Sn;Si —‘rSj) s (439)
then the two systems are equivalent, at least at the level of thermodynamics. The solutions

{\i} to the IOW-equations defined BK, z) and{\;} defined by(K’, z") = (C;;K, C;;2)
are simply related by

N —1 N+ —1
;" ] I 1 J
/\i_ )\j ) )‘] >\z )
/ Aidy =Nk (k#14,j,n+1). (4.40)

TN A -1

Note that, in particular, it follows\; = A7, and\; = NJA] . such that\or = Ay
Also, fromA; = A\, and); = AL, L, one sees that the original one-particle partition
functions fori andj, receive contributions from the new particleandj, respectively, as
well as from the composite particle+ 1. The operatioif;; has the effect that states in the
spectrum containing both particléeand; get less dense (their mutual exclusion statistics is
bumped up byl), while the resulting ‘gaps’ are now filled by the new composite patrticle.
A consistency check on the equivalence of the systems describ@d, by and(K’, z’)
is the fact that both lead to the same central charge as a consequence of the five-term identity
for Rogers’ dilogarithm (seeéT17]).
Finally, note that the shift mag,; of eq. (4:3B) and composite operati6y} of egs.
(B3T) and [[4:39) commute, i.e.

SuCij =Cij Snmr (4.41)

as one would expect.
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4.3 The UCPF and exclusion statistics

In this section, we will comment upon the relation betweenuhiversal chiral partition
function(UCPF) and exclusion statistics.

4.3.1 Quasiparticle basis and truncated partition function

Quasiparticles in two dimensional conformal field theories are represented by so-called chi-
ral vertex operators(?)(z) that intertwine between the irreducible representations of the
chiral algebra. Given a set of quasiparticlg$ (z), i = 1,...,7n, one has to determine a
basis for the Fock space created by the mqﬂ_@ss i.e., a maximal, linearly independent set

of vectors

(in) (i2) ,(i1)
PN 2 N w) (4.42)
with suitable restrictions on the mode sequen@ss. .., sy) (which may depend on the
‘fusion paths’(iq,...,ix)), as well as a set of vacya) (see [22/717] for more details).

The partition functionZ(z; q) is then defined by
Z(zq) = Tr(([]=N)a") . (4.43)

where the trace is taken over the bafis{4.42)&lpndenotes the number operator for quasi-
particles of typei while Ly = ), s; for a state of type[{4.42). During this discussion on
the UCPF we use the following, in the literature standard, notatiene %<, wheree is
some fixed energy scale, and= ef#:.

Exclusion statistics in conformal field theory can be studied by means of recursion re-
lations for truncated partition functions[90]. Truncated partition functi®p$z; ¢), for
L =(L4,...,L,), are defined by taking the partition function of those stdtes](4.42) where
all the modes for quasiparticles of specigsatisfys < L;. By definition, for largeL., we
will have (seel[22717] for more details)

Piie (210)/Pu(z;q) ~ Ni(zig™) (4.44)

wheree; denotes the unit vector in thialirection. In particular, if the generalized fugacities
z; are given byz; = 2%, for some fixedz, and the quasiparticle modes are truncated by
L; = l;L, then we find, usind{Z-17)

Pri1(2:9)/Pr(z9) ~ Mot(2q") (4.45)

where Pr(z;9) = Pyrisr,.. 1,0(z = 2li;q). Thus, given a set of recursion relations
for the truncated partition functionB,(z; ¢), one derives algebraic equations for the one-
particle partition functions\;(z) by taking the largd. limit. In particular one can find an
equation for\t(z) from Py (z; q) by using [4-45). For all conformal field theories that have
been studied this way it turns out that one finds agreement between\eegmtions and
the IOW-equations[{4.4) corresponding to a specific statistics m#tisee, in particular,

[27]).
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4.3.2 The universal chiral partition function

Based on many examples, it has become clear that the characters of the representations of
all conformal field theories can be written in the form of, what is now known as, a universal
chiral partition function (UCPF) (see in particular, réf1[13] and references therein)

! N\ L. ) ((]I—K)-m—i—u),
Z(K;Qulziq) = Y ([[ 2 )ghmicmtam i, (446
(K;Q,ulz; q) %:1:[21 q H m, (4.46)
whereK is a (rational)» x n matrix, I is the identity matrixQ andu are certaim-vectors
and the sum ovemnq, . .., m,, iS over the honnegative integers subject to some restrictions
(which, throughout this thesis, are taken to be such that the coefficients jrbinemials
are integer). The-binomial (Gaussian polynomial) is defined by

M) ___ @w I
{m]  (@Dm(@v—m (@)m = kl;[l(l q7°) - (4.47)

The vectord) andu as well as the restrictions on the summation variables, will in general
depend on the particular representation of the conformal field theory, Kidlendependent
of the representation. To write the conformal characters in the form] (4.46) may require
introducing null-quasiparticles which account for null-states in the quasiparticle Fock space
[7]. The null-quasiparticles are certain composites, hence their fugagitie4d-4%) are
specific combinations of the fugacities of their constituents.

It has been conjectured that the UCIPE](4.4) is precisely the partition fungfioh (4.43) of
a set of quasiparticles with exclusion statistics given by the same nigtiwhereu; = oo
corresponds to a physical quasiparticle anc oo to a pseudoparticlé [48,117]. This con-
jecture has been verified in numerous examples (Seé148, 17] for references). A convincing
piece of evidence in support of this conjecture is the fact that the asymptotics of the charac-
ter (240) (in the thermodynamic limjt— 17) is given by exactly the same formula as the
one for the IOW-equation&[17] (see alsal[88, [73,[63, 25kfoe 1). In the next section we
establish the correspondence in a more direct way.

For future convenience let us introduce the limiting form of the UJPE}4.46) when all
u; — 00, i.e. the case that all quasiparticles are physical and the exclusion statistics is
abelian

;m-K-m+Q-m

I
m;\ 4
75 (K;Q) = 2" ———— . 4.48
(K: Q) Emj (H ) VRO (4.48)
Note that the limiting UCPFS{448) are not all independent, but satisfy [(See [16])
Zoo(K; Q) = Zoo(K; Q + ;) + 25T Z(K; Q + K - ) (4.49)

as a consequence of

= + . (4.50)



4.3. The UCPF and exclusion statistics 69

4.3.3 Relation to exclusion statistics

The relation between the UCPF and exclusion statistics can be made more explicit as fol-
lows. Suppose the truncated partition functidiigz; q) are given by ‘finitized UCPFs’ of
the form

Py(z;q) = ZI (H szi>q%m.K.m+Q.m H {(L + (I i) ‘m+u), 7 (4.51)

(2
m

for some vectorgQ, u). Of course, the number of parameters in this expression is overde-
termined. Usually we think ofi as being fixed while the meaning of the parameleese
determined by the cut-off scale. We can of course absortmthg shifts inL (in fact, in
practice we often make shifts in the definitionloto simplify the recursion relations). We

also remark that we have introduced finitization parameteraso for the pseudoparticles

in (A251) to facilitate deriving recursion relations. In making the identification with the trun-
cated partition functions these parameters are kept at a fixed (usually ‘small’ or even zero)

value.
Using
Y
m m m—1

we find thatPy, (z; ¢) satisfies the system of recursion relations
PL(2;q) = Pre,(2;q) + zig 250 Qtlipy o (2q) . (4.53)

Upon dividing by Pr,(z; ¢), settingg = 1, taking the largdL limit, and using [4-44), we
obtain
L=X" 4z [N (4.54)
J
which are equivalent to the IOW-equatiofis]4.4) with statistics ma&trix
Moreover, for any polynomialy,(z; ¢) satisfying the recursion relation{4153), the poly-

nomial )
QL(Z; q) = <H Z;Ll) qu-]KAL-F(Q-Fu)-LPK'L(Z; q—l) , (455)

satisfies the recursion relations(4.53) with dual d&8a Q’, u’, z’), given by (cf. [£D))

—K;!
K =K', Q+u =K' (Q+nu), z;:sz i (4.56)
J

Thus, under the assumption that the set of finitized UCPFES] (4.51), for @xedu, form
a complete set of solutions t6{41.53), the dual polynofialz’, ¢) of (&5%) can again be
written as a (finite) linear sum of finitized UCPFs with dual d&fa{4.56). Moreover, by taking
the largeL limit of (£53), using egs.[{4-3#4) an@{4154), one recovers the duality relations
(E9) and [2.18).

The above calculation shows that, for quasiparticles whose truncated partition function
is given by an expression of the formn{4.51), the thermodynamics of these quasiparticles
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is described by Haldane’s exclusion statistics with statistics métriven though many
truncated characters are indeed of the form {4.51) (we will encounter various examples in
the remainder of this thesis) this is not the general situation. However, in examples it turns
out that for all recursion relations for truncated characters there is an associated recursion
relation, leading to theame\-equation, which does admit a solution of the fofm (¥.51).
The true solution to this recursion relation will in general differ frdm (#.51) by terms of
orderg”. In a sense we can talk about tiwiversality clasof recursion relations as those
recursion relations that give rise to the samequations and hence the same exclusion
statistics.

4.3.4 Composites, revisited

In section4.Z}4 we have seen, at the level of thermodynamics (i.e. the IOW-equations), how
to introduce composite particles into the system in such a way that the resulting system is
equivalent to the original system. Due to the intimate relation of exclusion statistics with the
UCPF, explained in sectidn 4.B.3, one would expect that a similar construction is possible
at the level of the UCPF. Indeed, upon substituting the following polynogridéntity (see
appendix A of [¥] for a proof)

My (M|
mq mo N
Z g =m)(ma—m) {M1 - m2] [M2 - m1} |:M1 + Mz — (m1 +mz) +m . (4.57)
mip—m mo — M m

m>0
into the UCPF[(2:46) at thg, j)-th entry, and subsequently shifting the summation vari-
ablesm; — m; +m, m; — m; +m, yields an equivalent UCPF, basedwn- 1 quasipar-
ticles with data(C;;K; C;;Q, C;;u) andC;,z, where

CiiQ=(Q1,...,Qu: Qi +Qj) ,

4.58
Ciju:(ula'”vun;ui—’_uj)’ ( )

while C;;K andC;;z are defined in eqs[{4]37) and (4.38), respectively. Various limiting
forms of (Z:5V), relevant to introducing a composite of two physical particles or one physical
particle and one pseudoparticle, are giveriin [7] as well.
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K-matrices for clustered quantum
Hall states

In this chapter, we will determine the K-matrices for the clustered quantum Hall states
discussed in this thesis. We first deal with the K-matrices for the clustered spin-polarized
states of sectiof 3.4, followed by the spin-singlet states of seClipn 3.5 in seclipns 5.1 and
B2 respectively. These sections are based on the sections 6 and 7 of thepaper [7]. In
section[5]3, we give an alternative construction of the K-matrices above, inspired by the
observation that the wave functions of the clustered quantum Hall states can be obtained
from a related abelianoverstate by a symmetrization procedure, described in sefiipn 3.4.
This new way of constructing K-matrices for non-abelian quantum Hall states is used to
obtain the K-matrices of the spin-charge separated states (see_ef. (3.36) for=the

states) in sectiom 3.4.

Though the K-matrices for quantum Hall systems are interesting by themselves, as they
characterize the topological properties of the quantum Hall systems, they also appear in
many other contexts. They can be viewed as the statistics matrices appearingiivénsal
chiral partition functionfor the corresponding Wess-Zumino-Witten (WZW) models with
the same affine symmetry, see, in particular, [7].

We will use the K-matrices for the quantum Hall systems as a starting point to obtain the
statistics matrices for the parafermion CFTs in secfiioh 5.5. These statistics matrices form
the basis of the fermionic character formulas for the parafermion theories. While these
characters are known for t#, andsu(3)/u(1)? parafermions, the form we propose for
the parafermions related to(5) /u(1)? appears to be new.

The results foso(5), described in this chapter are based 6n [5]. K-matrices for more
general WZW models with affine Lie algebra symmetry and the related parafermions will
also be presented there.
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5.1 Spin-polarized clustered statessu(2); s

In this section we discuss a family of non-abelian spin-polarized fractional quantum Hall
systems with underlying conformal field theany(2),. ; and filling factor

k
kM +2°
For k& = 2 we are describing the Moore-Read states, which were introducédiin [71] while
the generalizations tb > 2 were introduced in[85]. The system contains a single quasihole
¢, with chargel / (kM + 2) and an electron operat@ with charge—1. At thesu(2);-point
(i.e. M = 0) the quasihole operatgrhassu(2)-weight«/2, wherex is the (positive) root
of su(2) and corresponds to one component of the chiral vertex operator transforming in
the spin1/2 representation (‘spinon’, se&[57] 15] 19, 20]), while the electron operator has
weight—« and corresponds to the curreht,,. For general\/ the charge lattice has to be
stretched.

The fgH dataK., t.) and their dual§K,, t,) for k£ = 1 (corresponding to the abelian
spin-polarized Laughlin states with= 1/(M + 2) [64]) were discussed iri.[30] and for
k = 2in [B]. Here we discuss the generalization (see &iso [48]) to arbitrazgrresponding
to the Read-Rezayi stateés|[85]. But we will first discuss the Moore-Read states correspond-
ingtok = 2.

Vi, M = (51)

5.1.1 The Moore-Read case

As indicated before, we analyze the conformal field them(2), »s by first analyzing the

affine Lie algebra poind/ = 0 and subsequently applying the shift map to obtain the result
for generald . Also, we will study the quasihole sector for the Moore-Read state first, as
this is the simplest state with non-abelian statistics, while it shows all the basic features
related to non-abelian statistics. This case was first studiédlin [91]. As indicated above, the
quasihole transforms in the spinon representatiosnu(®)- (in the case of the Moore-Read
state). Also, it is well known that the spinons correspondingi{@)» have the same fusion

rules as the spin field present in the quasihole operator. It is thus to be expected that the
K-matrix describing the quasihole sector contains the same pseudoparticles which take care
of the non-abelian statistics. Anticipating on the fact that we want to split the K-matrix in

a quasihole and electron sector, we only take the positively charged quasihole and arrive at
the following K-matrix and charge vector for the quasihole sector of the Moore-Read state
with M =0

- 1 1
KZIR,Mfo _ < 11 12) 7 te=(0,=). (5.2)

2 2
The first particle, which does not carry charge, is interpreted as a pseudoparticle. It is
the presence of this pseudoparticle which takes care of the non-abelian statistics of the
guasiholes over the Moore-Read state. To find the quantum Hall data for g&henad can
simply apply the shift mapg{4=B4) to find

1 -1 1
]KMR< 2 ) ty = (0, ———) . 5.3
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In the case of the MR state, we can rather easy obtain the quantum Hall data for the elec-
tron sector, because the parafermion field present in the electron operator is the Majorana
fermion. The exclusion statistics corresponding to this field is equivalent to the Pauli exclu-
sion principle, which in the language of exclusion statistics matrices correspohd3 e

pairing structure in the Moore-Read state is taken into account in the K-matrix formalism
by using both the electron and the composite ‘consisting of two electrons’ in the electron
sector. The corresponding operators are givemhye'v+1¢e . and: ¢2VM+le: Be-

cause of this structure, the K-matrix can be obtained as is the case for abelian states, with
the addition ofl for the electron, due to the Majorana fermion. The corresponding quantum
Hall data is given thus given by

M+2 2M+2
KgﬂR:<2M+2 4M+4), t.=—(1,2). (5.4)

Itis easily verified that the data for the quasihole and electron sector satisfy the duality equa-
tion (@30). Also, the filling fractior{v = 7;7) is correctly reproduced by the equations
(7Z2%) and [[2:26). The central charge corresponding to this system is also easily obtained
by the application of equatiori{4122), and the fact that the pseudopatrticle gives rise to a
reduction of the central charge éf Thus we correctly obtain the central cha@f the

su(2), affine Lie algebra CFT.

As indicated before, the presence of the pairing structure in the Moore-Read state gives
rise to the possibility of quasiholes with non-abelian statistics. This structure is also present
in the K-matrix description described above, because the presence of the composite with
charge—2 gives rise to a neutral particle in the quasihole sector. It is this neutral particle
which is interpreted as pseudopatrticle, which via the coupling to the quasihole makes the
latter non-abelian.

Other properties of the K-matrix description can be obtained from the K-matrices for
the Read-Rezayi states by setting- 2 in the remainder of this section, where we treat the
Read-Rezayi states.

5.1.2 The Read-Rezayi states

The exclusion statistics and UCPF for the doublet of spinon operatetg ), were stud-

ied in [70,[33[4B[717]. It turns out that in this case we nked1 additional charge- and spin
neutral pseudoparticles. As was the case for the spin field corresponding to the Majorana
fermion, the fusion rules of the spin fields corresponding tath@arafermions are identi-

cal to those of the spinons mentioned above. Thus the quasihole in the K-matrix couples to
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k — 1 pseudoparticles in the same way as the spinons (see, in particlar,1[48, 17])

K¢ = . ) t¢ = ) (55)

W= O

leading, with [4226), to a filling factor of = k/2 in accordance with[{5.1).
The data for arbitrary/ now follow by applying the shift majs,; of (g-33), i.e.

L 0
581
K(/f—SMqu— 1 , tf/‘)/[: . (5.6)
2 0
........................ 1
EM T2
1 (k=)M+2
2 2(RMA2)

where, in order to simplify the notation, we have introduced the Cartan majrix of
su(k) (cf. (6-38)). One verifies thaf{4126) is satisfied. The IOW-equations, determining the
exclusion statistics of the quasiholes, can now be written down explicitly. E.g., for the MR
state £ = 2) the following equation for\; easily follows from [Z14), in agreement with
[41] 1 3M+42
(Mot — (Mg — 1) = 2?7 (5.7)

The smallx behaviour of)\y; for generalk was obtained from the IOW-equations in

77], with the result

Aot(z) =1+ apx + o(x2) , o = 2cos (k:j—2) . (5.8)
It was argued that the factosscan also be obtained as quantum dimension of the appropri-
ate CFT. Itis easily checked that the smalbehaviour of\y; in (6-7) indeed satisfie§(5.8)
for k = 2. Similar equations foA, with & = 3, 4 were given in [22].

To determine the fgH datéK., t.) in the electron sector we observe that the electron

operator¥(z) is identified withJ_,(z). By acting with the negative modes dt ,(2)
on the lowest weight vector in the lowest energy sector of some integrable highest weight
moduleL(A) at levelk, one obtains what is known as the principal subspéi¢d ) of L(A)
(or, rather, the reflected principal subspace). It is known that the character of the principal
subspace can be written in the UCPF foim [31, 32, 42] (see appendixB of [6] for a brief
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summary of the results fani(n);). Forsu(2) this requires, besides the electron operator
¥ ijtself, clusters of up td: electron operators. The corresponding K-matrix is given by the
k x k matrixK, = 2B, where(By,);; = min(z, j)

1 11 1
1 2 2 2

B, = 1 2 3 3 7 (5.9)
12 3 - k

while t. = —(1,2,..., k). Applying the shift map[{4=33) thus gives

M+2 2M+2 ... kM+2 1
OM +2 22M +2) ... 2(kM+2) 2

KM = _ ) _ ) , tM=—1.1. (510)
EM+2 2(kM+2) ... k(kM+2) k

One easily verifies that the dat&,,t,) and (K., t.) are indeed related by the duality
relations [4-30), and that equatiofis{#.25) gnd {4.26) are satisfied.
Moreover, the resulting IOW-equations fag: = 11 443 in case of the MR state are given
by
(o = ) (i =) = pi 2 (5.11)

which are indeed related tp{b.7) by the duality relatigns{4.18). Explicitly,
Na@) =y i (), y =g 2MAD) (5.12)

Finally, in order to show that the quasihole-electron system basé&d ﬁanf o KM
gives a complete description of tke(2); », conformal field theory, we have to show that
the chiral character of the latter can be written in terms of a (finite) combination of UCPF
characters based (K\é‘f @ KM, This is indeed possible and discussed in appendix C of [6].
Here we suffice to remark that the central charge, related to the asymptotic behaviour of the
characters, works out correctly. Indeed, using standard dilogarithm identities one finds with

E22) -
C¢+C€_k+27 (5.13)
which equals the central chargesf(2) /.

The above description of the Read-Rezayi states has an interesting application, namely
the identification of a particle which acts as a supercurrent in the non-magnetic limit. This
identification was made iri[6], to which we refer for a more detailed discussion. We use
the variable; = 1/v = M + k/2, in terms of which the non-magnetic limit corresponds to
q — 0. In this limit, all the statistics parameters of the largest composite (with chakye
go to zero, while the statistics parameters of the quasihole diverge. This is easily seen when
one writes the statistic matric6s{3.10) and]|(5.6) in termp &br these quantum Hall states
the fundamental flux quantum is/ke, because of the ordér-clustering. Upon piercing
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a quantum Hall state with this amount of flux, a quasihole with chayge is formed.

This follows from the fact that the conductancee?s/'qh in physical units. Foy > 1/k

this is the lowest charge possible and the electron like excitations correspond to multiple
insertions of the flux quantum. This situation changes when we take thedlimit 0.
Following [6], we takeg = 1/N, with N a large integer. The largest composite is formed
by inserting an amount of fluxgkh/e = —kh/Ne, thus a fraction of the flux quantum.

The maximal occupation with this particle (in absence of other particleg)is= 1/k%*q =

N/k?. Thus the maximal amount of flux that can be screened by this type of composites
is (—kh/Ne)(N/k*) = —h/ke, which is precisely the flux quantum. In conclusion we
find that in the non-magnetic limit, the largest composite has bosonic statistics, and can
screen an amount of flux up to the flux quantum. This clearly resembles the behaviour of
the supercurrent in BCS superconductors.

5.2 Spin-singlet clustered statessu(3); as

In [T0] a family of non-abelian spin-singlet (NASS) statkg 5, trial wave functions with
filling factors

2k

=2 .14
%M +3° km =2k (5.14)

V.M =
was constructed. The system has two quasihole excitafionsy, } with one unit of
up/down spin and charge’ (2kM + 3), while the electron operatofal';, ¥ } have charge
—1. The underlying conformal field theory ss(3) ar. In terms ofsu(3) weights the spin
and charge assignment in th¢ = 0 case is as follows. Denote the positive simple roots
of su(3) by «;, i = 1,2 and the remaining positive non-simple root by = a7 + as.
Lete;, i = 1,2,3, denote the weights of the fundamental three dimensional irreducible
representatior of su(3) such thate; - ¢, = §;; —1/3 ando; = ¢, — €41, 1 = 1,2,
then{¢¢, ¢, } = {¢, ¢} while {¥, ¥} = {J_,,, J_a,} (See figurd 5]1). The charge
and spin direction are identified in tke(3) weight diagram as indicated in the figure. For
other M the analogous picture is obtained by ‘stretching’ the charge axis. Unfortunately,
the notation used iri[L0] 9] is different from the one used in the mathematics literature. In
effect, the difference between the two notations is a rotation of the root diagran(3)fby
7, which leaves this diagram and hence all the results invariant.

In the following sections we will analyze the fqH data for the conformal field theory
su(3)x,p. We first discuss the cage= 1 (which corresponds to the abelian spin-singlet
Halperin state with paramete(d/ + 2, M + 2, M + 1) [b5]) in some detail and then
generalize to the non-abelian case- 1.

521 511(3)16:17]\4

The exclusion statistics and UCPF character fosth{8),—1,17=0 conformal field theory, in
terms of the quasiparticlgg) !, ¢°2, ¢ }, were worked out inf21, 9@, 22,117]. Specializing
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charge
€9 1 €1
3
spin
-1
—a3 —Q2

Figure 5.1: The weight diagram efi(3).
to the subsef¢;, ¢, } = {¢*, 92} we have

_ 1
Ky = % (21 21> , ty = (z) , S5 = (11) . (5.15)

With (B2Z6) this leads to = 2/3 in agreement with[{5:14). Applying the shift mgp{4.34),
the fgH data fowsu(3),—1 as are thus given by

1 M+2 —(M+1)
M __ _
K =SuKs =503 (—(M+1) M+2 ) (5.16)
while
M S M 1
o (). 2o(l). e
2M+3

The IOW-equation for the total one-particle partition functiget = A1 A, resulting from
(6I8), is given by

tot = T2 Mot (21 4 21) At =0. (5.18)

The K-matrix in the electron sector is determined as follows. First of all, the prin-
cipal subspace of theu(3);=1,m=o integrable highest weight modules is generated by
{J_asJ—a, } and has a K-matrix given by (see appendix Biof [6])

K = (_21 _21> . (5.19)

The electron operatofs¥;, ¥ }, however, are identified withJ_.,, J_q, }. Interpreting
J_a, as the composite/_,, J_,,), we can apply the construction of sect[on 4.2.4 and find
an equivalent K-matrix for the combindd_,,, J_q,, J_o; } SyStem

2 0 1
K =CpoK=|[0 2 1]. (5.20)
2

1 1
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Thus, we conclude that the electron fqH data are given by

(D e (). we(h). ea

And thus, by applying the shift map

, M+2 M+1 1
KGM_SMKe_(MH M+2)’ tM_—(>. (5.22)

Note again that the fqH data in the electron and quasihole sectors, given i egs. (5.16),

(B7IT) and[[5.22), are related by the dualfty{#.30).
The IOW-equation fofuer = p1144), resulting from [5.22), is given by

Mgt = hior 2= (yr Y )kie — Y1y =0, (5.23)
and is dual to[(5:18) in the sense pf(4.18). Explicitly,
Mot 2p) = ()~ ey, y) M2 (5.24)
where
y =2 —(M+2) I(M+1) 7 y = —(M+1) l(M+2) _ (5.25)

It remains to show that the fqH daf&,, t,,s,) and their dual{K,, t.,s.) give a
complete description of the chiral spectrum of th&3),—, 1, conformal field theory by
constructing theu(3),=1,» characters in terms of (finite) linear combinations of UCPFs
based orK. @ K. This is shown in appendix D ofl[6]. Here we only observe that, since
there are no pseudoparticles, 0. {¥.15) immediately givescs = 2 which is the correct
value of the central charge fen(3),=1 1. Note also that,, andc. separately depend on
M and are, in general, not simple rational numbers, e.g.)foe 0 we have numerically
ce = 0.6887 andcy = 1.3113 while for M — oo all the central charge is concentrated in
the ¢-sector.

Upon generalizing to higher levets> 1, it turns out we need an equivalent description
of the system described above in terms of three quasihole operators, namely by adding a
quasihole operatat—< of su(3) weight—es, i.e., of charge/3 (for M = 0) and spinless.

The K-matrix for this system can be obtained as a submatrix of the K-matrix describing
quasiparticles in th8®3* of su(3) [I7] or, equivalently, by using that < is the composite
(p~1¢~2) [21] and using eq[{4-B7). We find

/ L (M+2 M+2 1 / 20173
KM =CK) = SIE3 M1+2 M1+2; , ty = 2M+3 . (5.26)

In the electron sector we can similarly introduce the compdsite,, J_ ., ) and obtain

KM =CoKM=| M+2 M+2 2M+3]|, =—
2M +3 2M +3 4M +6

+
5)a

M+2 M+4+2 2M+3 1
1 (5.27)
2
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Now we observe a curiosity; while obviously the fqH ddfa{p.26) and](5.27) are dual, since
they are equivalent to the dual systems giverrin {5.16) @nd (5.22), they are not related by the
duality transformation[{4-80) because b@th andK. are not invertible. The equivalence

can also be observed at the level of the resulting IOW-equations which are now given by

pre=2 _ s Bive=2 _
(Aot 12 ) (Mot — 17| Aoy (z1 +2)) Mot 1) = 0,
2M+3 2M +-2 M+2 M
(ot > = yry) (it T2 = it 2= +y) e —yyy) = 0. (5.28)

Because of the first factor the equations{p.28) do not transform into each other[under (5.24).
However, the physical solutions, which are determined by the second factor, do! Summariz-
ing, we conclude that it is obvious that the notion of duality should have an extension that

incorporates non-invertible K-matrices. We leave this for future investigation.

522 5u(3)k7M

As argued in[[18-17], the generalization of the results of the previous section tokevels
requires the addition df(k — 1) pseudoparticles incorporating the non-abelian statistics of
the quasihole operatof, ¢, }. Since these pseudoparticles couple differentlto ¢, }

than to the composite particle;, = (¢1¢,) (i.e., different than the naive coupling given

by the composite construction), it appears that the first construction in Sect. 7.1 does not
generalize to higher levels.

It is known that forsu(n)x ar=o the pseudoparticles couple to the physical particles by
means of the matrid, !, ® A,_;. Here we have used the result for the restricted Kostka
polynomials as given in, e.g[]14125] 63} 57] (see the discussianlin [18] for details). Then,
by applying the shift mag{4-84), we obtain

1 2 2 1
Ay @Ay —3 —3 —3
_1 _1 _2
1M
K¢ P ,
2 1 (4k—1)M+6  (4k—1)M+6  (2k—2)M+3
3 3 3(2kM+3) 3(2kM+3) 3(2kM+3)
2 1 (4k—1)M+6  (4dk—1)M+6  (2k—2)M+3
3 3 3(2kM+3) 3(2kM+3) 3(2kM+3)
1 2 (2k—2)M+3  (2k—2)M+3  (4k—4)M+6
3 3 3(2kM+3) 3(2kM+3) 3(2kM+3)

(5.29)
where the components &f, * refer to the quasiholes in ttf8eand3*, respectively, and

1 1 2
2kM + 3’ 2kM + 3" 2kM + 3

ty = (0,0,...,0|
——

2(k—1)

). (5.30)
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For instance, for level = 2 we have

4 2 _2 _2 _1
3 3 3 3 3
2 4 _1 _1 _2
3 3 3 3 3
ar |
Ke" = 2 1 TM+6  TM+6  2M+3 (5.31)
3 3 12M+9 12M+9 12M+9
2 1 TM+6 ~ TM+46  2M+3
3 3 12M+9 12M+9 12M+9
1 2 2M+3  2M+3  AM+6
3 3 12M+9 12M+9 12M+9

Note that the matriK;N of (6229) is not invertible, as was observed foe 1 in section
b Z71. Thus, we cannot simply identify the dual sector by performing the transformation
(E30).

To obtain the dual sector we proceed as in sedfion]5.2.1. We start with the K-matrix
of the principal subspace spanned ¥, J_a,}. As discussed in appendix B df [6],
for su(3);, this K-matrix is given byK = A, ® B and requires, besides the currents
{J_ay,J—a, } A SELOR(K — 1) cOmposites

(Joa, o T oa)) s 2<i<k,i=1,2. (5.32)
~———
l

Starting with this matrix we introduce additional composites according to the procedure of

section[4.Z]4, beginning with the electron operalgr = (J_,, J_a,) (recall that¥; =
J_«,), and continuing until all composites

(\IIT"'lIIqul"'\IIl)7 ny+n; <k, (5.33)
——— ——

ny n|

have been introduced. Note that the set of compodites] (5.33), foriixedn|, span a

(ny +ny +1)-dimensional irreducible representation of spiti(2). The electron K-matrix

is then thelk(k + 3) x $k(k + 3) submatrix of the resulting< obtained by omitting the
composites which cannot be written in terms of electron operators only. Let us be illustrate
this procedure the case bf= 2. Starting with the principal subspace K-matrix

2 -1 2 -1
-1 2 @ -1 2

K=|.................. , (5.34)
2 -1 : 4 =2
~1 2 —2 4

we introduce the compositds) = (J_a, J—a,)s (J—as (J-a1 J=a1))s (J—as(J—a1 J—as))s
and(J_q,((J—a,(J—a, J—ay))), respectively. Then, after removing the rows and columns
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corresponding to/_,,, , (J—a, J—q,) @nd(J_a, (J—a, J—a,)), We obtain

2 1 12 2 1
12 51 2 2 1 1
............... 1 -1

K. = ;o te=—|2] ., s.=| 2 (5.35)
29 1 : 4 3 2 5 0
2 2 3 4 3 2 -2

Similarly, one obtains the electron K-matrix feu(3)x r/—o at higher levels, and the gen-
eralization to arbitraryM follows, as before, by applying the shift map(4.33). Unfor-
tunately, the procedure described above is ambiguous. The resulting K-matrix depends
on the order in which the composites are taken as well as the precise identification of
the clusters[(5:33) with the original clustefS{%.32), e.g., should we ideflify' | ) with

(Joon (J—aq (T—and—as))) OF (J—ayJ—ay ) (J—asd—as))? Ultimately, the ‘correct’ ma-

trix K. is selected by the requirement that the complete spectrum can be build out of the
quasihole and electron operators or, more concretely, that the characate(3)af), can be
written as a linear combination of UCPFs basedy® K.. A nontrivial (and highly selec-

tive) check is whether the central charge, given[by{4.22), works out correctly, i.e., whether
¢y + ce = 8k/(k + 3), for the K-matrices[(5:29) and the ‘appropriate’ generalization of
(B:39) to higher levels and arbitrafd. We have checked this numerically for low values

of k and M as well as exactly, for alt, in the M — oo limit, in which case the central
charge is entirely concentrated in thesector. We refrain from giving the explicit matrices

K. until we have performed an additional simplifying reduction.

First observe that, fok = 2, the matrixK/, of eq. (5:3p) is invertible, in contrast to
the matrixK;M of (5:31). One could therefore simply have started viithand have ob-
tained the dual sector by the duality transformatigns{4.30). This would resudi-seator,
different from the one discussed above, with two physical quasiholes and three pseudoparti-
cles. Unfortunately, this procedure breaks down, in general, for highethe matricek.,
constructed according to the procedure outlined above, are no longer invertible. However,
note that the matrix({5-B5) can be reduced to an equivalend matrix by inverting the
composite procedure — in this case by removifig ¥ ) in the fourth column, since this
column can be created by applyi@g,. This procedure works for general> 1 and leads
to a2k x 2k electron K-matrix, for the compositeS{5.32) with eithgr= 0 orn; = 0 (i.e.
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we lose the SU(2) multiplet structure), given by

2 0 2 0 2 0 2 1

0 2 0 2 0 2 1 2

2 0 40 4 1 4 2

0 2 0 4 1 4 2 4

Ke=1[: : : . (5.36)

2 0 41 2k—-1) k-2 2k-1) k-1

0 2 1 4 k-2 2k-1) k-1 2k-1)

2 1 4 2 20k—1) k-1 2k k

1 2 2 4 k-1 2(k—1) k 2k

and

te = —(1,1;2,2;.. .5k, k),
se=(1,-1;2,-2;...;k,—k) . (5.37)

The generalizatiok? to arbitrary M follows by applying the shift map, in this case by
adding the matrixd/ (J, ® P) where], is the2 x 2 matrix with all entries equal to 1, and
(P);; =15 (1 <14,j < k) (see [6] for an explicit expression in the cdse- 2). This matrix

is invertible, so we simply defin&}’ = (K!/)~'. A convenient permutation of rows and
columns oﬂKf leads to the following matrix

1
0 3
2
0 3
0 0
Agl ® Ap_1
(Kgf)perm _ 0 0 )
2
-2 0
_ % 0
2 _1 (4k—1)M+6 -M
0 00 0 3 3 7 T3(2kM+3) 3(2kM+3)
L 9 : —M (4k—1)M+6
-3 —5 0 0 O 0 : 3@2kM+3) 3(2kM+3)

(5.38)
containing two physical particles adk — 1) pseudoparticles. Also,

1 1
"2kM 4+ 37 2kM + 377
s¢ = (0,0,...,0;—1,1), (5.39)

ty = (0,0,...,0
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as one would expect. Fdr = 2, the couplings between the pseudoparticles and the real
particles is not precisely of the form as given in €q-(5.38), so we give this matrix explicitly
(the first 2 particles are pseudoparticles)

4 2 _2 _1
3 3 3 3
oot 2 4 _1 _2
=2,M __ 3 3 3 3
K} =175 % bs |- (5.40)
3 3 12M+9 12M+9
12 —-M TM+6
3 3 12M+9 12M+9

We have checked that the total central charge- ¢, for egs. [5:36) and{5:88) works out
correctly, namelye. + ¢, = 8k/(k + 3). Moreover, we have checked for low valueskof
that the equation fok, resulting from the IOW equations based pn{p.38), are identical to
those based o {5129). Furthermore, in all formulations, the equafionk (4.23)amnd (4.26) are
consistent with[{5:14).

Fork = 2, 3, we checked the small behaviour for\, €. (4:2D). We again expect the
constantsy to be the quantum dimensions of the associated conformal field theory. Using
some results inf[34], these quantum dimensions are given by

2
ap =1+ 2cos (k—ji’,) . (5.41)

Fork = 2, the equation fol reads (upon taking; = z; = x)

1 9 9 8M+5 6M+4 2M+1
2 _ 8M+6 8M+6 8M+6
Aot — 1) =2 At ° + 2ot " — Aot (5.42)

which leads to the following smatl behaviour

Aot =142 (H\/g)  + o(z?) (5.43)

2

in agreement with, = (1 + /5)/2 from (5:41); the extra facta comes from the sum
over the two physical particles, see €q-(%.20). Fef 3 we find

8M+43

1 1 1
Mot — 1) = A 7 (At + 1)% (A + 1)§ ) (5.44)

which givesas = 2, consistent with[[5:41). Note that for the abelian case 1, we find
for the smallz; | -behaviour, using[{5:18),

Aot =1+ (z1 +2)) + 0(;v2) , (5.45)

in agreement with[{5:41) and the fact that fo= 1 we have an abelian state.

As was the case for the spin-polarized states of seffipn 5.1, also for the non-abelian spin-
singlet states a particle behaving as a supercurrent can be identified in the non-magnetic
limit. The situation here is slightly more complicated than in the case of the spin-polarized
states discussed in sectibn5.1. This is because in the formulation above, there is no candi-
date particle with the property that all the statistics parameters go to zero in the lmil
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(with ¢ = 1/v = M + 3/2k). However, if one acts witlfa,_;1 o, on Sy K., with K,
given by eq. [5:36), one introduces a composite with chargfeand spind, which has the
desired properties. In thg-sector, the particle content is changed to one quasihol@/and
pseudoparticles, of which a few carry spin.

The possibility to introduce a composite with the right properties enables one to repeat
the discussion of sectign 5.1, with the only difference that the flux quantum in this case
equalsh/2ke. So, also in this case, we can identify a supercurrent in the non-magnetic
limit.

5.3 Alternative construction

In this section, we will show an alternative way of obtaining the K-matrices for the non-
abelian quantum Hall states which were discussed in sedfigns 5[Tand 5.2. The wave func-
tions of these non-abelian states could be obtained from almdizar states, via a projec-

tion. The idea is to implement this projection on the level of the K-matrices. The K-matrices
for the abelian cover states are easily obtained. They just are the direct $wopés of the

k=1, M = 0 K-matrices. We will takeV/ = 0 in this construction, and use the shift map

eg. (4:3B) in the end. Applying the shift map directly on the direct suh of 1, M = 0
K-matrices leads to the same result.

The property that discerns the non-abelian K-matrices form the abelian ones is the pres-
ence of composites in the electron sector. These composites are accompanied by pseudopar-
ticles in the¢-sector. To obtain the non-abelian K-matrices from the abelian cover states,
one has to introduce composites. One can use the composite construction from section
BE-Z4. However, this construction is based on a character identity,ed. (4.57), and will lead
to an equivalent description. In this description, the electron sector is augmented with a
composite, while in the-sector, a real quasiparticle is exchanged for two pseudopatrticles.
Actually, this action of the composite construction on ¢heector is also related to a char-
acter identity, as will be described in the pager [5]. Applying this character identity on the
¢-sectors of the UCPF, one finds another UCPF, based on the transformed Kmaikix
This matrix can be obtained from the composite construcfion](4.37)

DK = (C; K H~ (5.46)

where, in addition, the particleis; in the transformed formulation are pseudoparticles.
Performing both composite constructions yields an equivalent description, as these con-
structions are based on character identities.

A description of the non-abelian system can be obtained by performing a projection
on the K-matrices of the abelian states. This projection is done by ‘deleting’ a particle in
both the electron and-sector. In the end, this description can be obtained from the abelian
cover by simply applying a W-transformation on the electron sector (and the equivalent W-
transform on thes-sector). In addition, some of the particles in theector have to be
interpreted as pseudoparticles, in accordance with the construction outlined above. In all
the cases described in this thesis, we will ‘add’ particles in the electron sector which have
the same quantum numbers. In thesector, this will result in particles with all quantum
numbers trivial. These particles are interpreted as pseudoparticles.
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The W-transformations which are equivalent to the composite construction followed by
the reduction of the number of particles all have a similar form. In effect, they ‘add’ one
particle to another, see ef.{3.48). Loosely speaking, they correspond to identity matrices,
in which some of the off-diagonal elements have been changed(ftor.

Let us clarify the construction by doing a simple example, that is, obtaining the K-matrix
description for the Moore-Read state. The abelian cover state has a simple K-matrix for the
electron sector

cover __ 2 + M M
Kegover = ( M 2+M> . (5.47)
The W-transformation (see eg[{2.8)) needed to obtain the K-matrix for the MR state is
characterized by
11
W = (1 0) . (5.48)

Its effect is to make the second particle a composite of the two original particles; the corre-
sponding matrix is

K — <2+M 2+2M>
€ 242M 4+4M) -

This is indeed the K-matrix for the MR state (compare €4.15.10) with 2). In the ¢-
sector, one has one pseudoparticle, in accordance witfrgg. (5.5). Note that this construction
does not change the filling fraction.

The construction outlined above also works for the general clustered states of sections
B4 and 3. For the spin-polarized states, the K-matrix of the abelian cover state is simply
given by (see alsa23])

(5.49)

M+2 M . M
geover | M M2 , (5.50)
: . M
M M M+2

which is ak x k dimensional matrix. All the particles have chartge= —1 and the filling
fraction corresponding to this state indeed is- W’“ﬁ To obtain the correct K-matrices

for the non-abelian states, we have to introduce composites which have ‘sizes’ ranging from
1 up tok. This is achieved by the W-transformation

1 0 0
w= | b (5.51)
1 1 1

Itis easily verified that this transformation indeed reproduced the K-m@friX (5.10). Also the
¢-sector is obtained correctly, if one interprets the pseudoparticles correctly.

The K-matrices for the spin-singlet analogs can be obtained in a similar way, however,
the construction is somewhat more complicated, because thé description already has
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two components. This gives more possibilities for the W-transformation, of which only
one gives the correct central charge corresponding to the underlying CFT. The other W-
transformations correspond to other projections. Whether or not these give rise to quan-
tum Hall states is not clear at the moment. Also, to which CFTs the resulting K-matrices
correspond is not clear (if they correspond to a CFT at all). For now, we will use the W-
transformations which lead to K-matrices with rational central charge; it turns out to be the
case that only one W-transformation leads to a rational central charge, which also corre-
sponds to the central charge of the underlying CFT.

The K-matrix for the abelian cover state (see aiso [92]), is given by

M+2 M+1 M M o . M M
M+1 M+2 M M MM
M M M+2 M+l
gever — | M M MAT M2 )
: g MM
: . M M
MM M M M+2 M+1
M M e o M M M+1 M+2

The W-transformation which is needed in the projection, is given by

01 0 1 0 1
10 1 0
W= (_) 00 1 - . (5.53)
0 1
10 1 0 10
0 0 0 0 1

Applying this W-transformation on the matrik(5]152), indeed gives the méagixor the
spin-singlet paired statef {5.36) for genekdl (note, that a suitable permutation on the
order of the particles is necessary). Also, in¢hsector, there arg(k — 1) pseudoparticles.

Above, we showed that the K-matrices for the non-abelian quantum Hall states could be
obtained from a suitably chosen, abelian cover matrix. Though we do not have a proof for
this, we will assume that such a construction is also possible for the spin-charge separated
states. In the next section, we will obtain a set of matrices, which we believe, are the correct
matrices to describe the (5), affine Lie algebra theory. We will provide a few non-trivial
checks on these matrices to show that they are indeed the correct ones. More on K-matrices
of general affine Lie algebra CFTs can be found in the forthcoming arficle [5].
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5.4 Spin-charge separated stateso(5); s

In this section, we will report some results on the K-matrix structure of the spin-charge
separated states. The results for= 1 are also described iril[8]. For the spin-charge
separated states, the underlying structure issti{8);, affine Lie algebra. This is aon
simply-lacedalgebra, meaning that the roots come in two different lengths. This makes the
analysis of this algebra much harder than $haply-lacedalgebra’s. Indeed, we can not
rely so much on results in the mathematical literature. However, we will attempt to obtain a
K-matrix description, without having the intention to be mathematically rigorous. We will
use the observation from the previous section that the K-matrices for the non-abelian states
can be obtained from abeli@moverstates. We will merely assume that the results will carry
over to theso(5);, case, and justify the procedure afterwards by doing consistency checks.
For both the spin-polarized and spin-singlet states of secfiohs 3.f_and 35 ,=he
case corresponds to unpaired, abelian states. For these, the K-matrices were known for a
long time. Howeverso(5) is non simply-laced, and this implies that the state at Iével1
has non-abelian statistics. Thus one expects pseudoparticles in the K-matrix description.
This result was indeed obtained I [8]. We will first discuss this situation.

541 50(5)]@:1,]\/1

It is well- known that the spin-polarized MR state is closely related to an abelian states at
filling v = M : the two-layer( M + 2, M + 2, M) Halperin state. The transition between
these states have been discussed in the Irterature (seeleLg1[%8] 74,187 106, 23]). The
connection on the level of K-matrices was described in the previous section.

To obtain the K-matrix description for the spin-charge separated sfatéels (3.36), we would
like to have an abelian cover state like in the case of the Moore-Read state. This state was
identified in [8], and has filling fractiowr = 2M 7, equal to the levek = 1 spin-charge
separated states. The wave function for this two layer state reads [8]

b t t t t
2 layer({ ) 1 5 2 s 3}) H(ZZT T JV[+2H l l 1\4+2

1<J 1<J

b b b b t t b 1o
H(ZZT _ ij )M+2 H(zzl _ ZJL )]W—Q—Q H( T l M+1H T Z M+1
4,3

1<j i<j
H Tr‘ J\IH lt lb)M H(ZTt M 1H lt b M—1 (5 54)
i ) .
i, 4,
where the indices, b refer to the top and bottom Iayers. This wave function arises as

a correlator of two-layer spin full electron operators which, in the deése= 0, are the
currents of theo(6), affine Kac-Moody algebra

U(Ty) =: €™ o eVi¥®e .. evsVIMHlee , (5.55)
U(ly) =1 € 1T VAV L eva VI Tee (5.56)
(Ty) =: eIt L ViR L gvaVEM TR , (5.57)
W(lp) =17 e Va1 eva VI F e (5.58)
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wherey; is a chiral boson, corresponding to the ‘layer’ degree of freedom. We expect that
the relation between the paired spin-charge separated (3.36) and tHeState (5.54) is on
the same footing as the relation between the (paired) Moore-Read state and the correspond-
ing 2-layer state. The MR state (wiff = 0), is obtained from the Halperi(2, 2, 0) state

eg. (Z211) by symmetrizing over all the electron coordinates. In this procedure, the layer
structure is lost, as one would like.

To obtain the spin-charge separated state from the 2-layer Efate (5.54), one has to take
into account that we are dealing with spin full electrons, and we want to make a spin-
singlet state. To obtain a spin-singlet, one has to do perform the following symmetrization
procedure (see, for instancé,[56]). First, anti-symmetrize pyerz; ), then over(z], z3),
etc. After this, the result has to be symmetrized over all the spin up particles, and finally
over all the spin down particles. This indeed gives a spin-singlet state, which for 4 particles
is indeed the spin-charge separated state. For more particles, this construction does not
seem to work. However, we feel that a construction similar to the construction to obtain the
clustered states of sectiopns]3.4 &and 3.5 should be possible.

Coming back to the K-matrix description of the 2-layer state relatea (), naively,
one would write down the ansatz

2+4M 1+M M  —14M
| 1+M 24M —14M M
K=l M “14m 2+M 1+Mm |- (5.59)
“1+M M 1+M 24 M

based on the wave function {5.54). However, this matrix is not invertible. To find an ‘in-
vertible’ description, we apply the operai®r 4, which adds a composite of the ‘first’ and
‘last’ particle. We proceed by removing the spin down patrticles to find

204 M M 142M 4 3
K,=|( M 2+M 142M |, Ky=|31 2 -3 |,
1+2M 1+2M 2+4M 1 1 1+M

2 2 1+2M
1
t, =—(1,1,2 t. = -
e (77)? ) (0’0’1+2M)’
S/e = (15 170) ) S:z, - (_1, _17 1) 5
- +

where we used the standard duality equations to find the quantum Hall data feséuwtor.
The vectorl denotes the ‘layer degree of freedom, and is only used as a bookkeeping
device. The fact that the K-matrix in eq{5.59) is not invertible, is caused by the fact that
we were trying to describe the raflkalgebraso(6) by four degrees of freedom. The method
to ‘cure’ this resembles the method used in sedfioni5.2.2.

To obtain the quantum Hall data for tke(5);=1, s States, we need to do a projection,
as was the case for the wave functions, which could be obtained form the abelian states by
projecting the two layers onto each other (compare with the ‘Ho reduction’ for the MR state

[58]).
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On the level of K-matrices, this reduction take the form of introducing a composite in
the electron sector, and the introduction of a pseudopatrticle in the quasihole sector. To do
this projection, we apply the W-transformation

100
W=[11 0 (5.61)
00 1

on the quantum Hall dat&{5160). This results in the following quantum Hall data

2+ M 2+42M 1+2M 1 -3 0
Ke=(2+2M 4+4M 2+4M | , Ke=|-3 2 -3 1],
1+2M 2+4+4M 2+4+4M 0 _% 11I2AZ\44
1
te:_17272 5 ty = YUy T T aas/ 0
( ) s =1(0,0 1+2M)
se = (1,2,0), s¢ = (0,—1,1). (5.62)

In this description, the first quasihole is neutral and spinless, and is interpreted as a pseudo-
particle. This results in a reduction of the central charg%bioecause of the fermionic
statistics. So the central charge corresponding to the (5.62) becomes which

is indeed the central charge of the(5); theory. We will make one further change to the
data [5:62), which will make the spin-charge separation of the fundamental quasiholes man-
ifest. This can be done by applying another W-transformation (which leads to an equivalent
description)

10 0
wW=|[0 1 -1]. (5.63)
00 1

Finally, we obtain the following formulation, which can also be found:in [8]

M+2 1 2M+1 1 -3 -1
1 3 1

R VS VPR STV IRl W S QPP P I

OM +1 0 4M +2 ~1 1 2Mys

1

tezfla 72 ) ty = sYs Sar o 1/
. =—(1,0,2) ¢ (002M+1)
se = (1,2,0), sy = (0,—1,0) . (5.64)

Also in this formulation, the first particle in thg-sector is interpreted as a pseudoparticle.
This pseudoparticle is similar to the pseudopatrticle for the MR state[{en. (5.6} with),

which was of course to be expected from the structure of the spin-charge separated state at
k = 1. The central charge associated to the data](5.64) is also givén Bf course, to

prove that this description is correct, one should be able to reproduce the affine characters
of s0(5); in the UCPF form with the K-matrices. At this point, this check has not been
completed. However, we were able to reproduce the restricted Kostka polynomials for
s0(5)1, which is also a highly non-trivial checki[5].
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54.2 50(5)]@]\/[

In this section, we will present the K-matrix description for the spin-charge separated states
at general levek. Again, the results were not derived as rigorous as was the case for the
su(2) andsu(3) related states. However, the fact that those matrices could be constructed
quite naturally by taking thé = 1 formulations and taking composites, leads to the believe
that a similar construction is possible in this situation. We now take this point of view, and
present the results. On these results, we will perform some non-trivial checks, to show that
they are indeed correct. More details will be provided in the peber [5].

To construct the K-matrices corresponding to $aé5);. s State, we také: copies of
the M = 0 formulation forso(5);=1, 00, €9. (5:6¥) and make the direct sum, resulting in
a (3k, 3k) matrix. Making the composites, needed in the levébrmulation, is done via
the following W-transformation

1 00 100 1 00
010 00 0 00 0
0 0 1 00 0 00 0
000 1 0 0 100
W=]0 10 :0 10 00 0]. (5.65)
001 :001 000
0 0 0 00 0 1 00
010 010 010
0 0 1 00 1 0 0 1

To display the resulting matrix, we first define the maiBiq(a, b) in the following way

Ds3(a,b) = (5.66)

o> o 2
o o
QO

Note thatDs(2, —1) is the Cartan matrix ofo(6). After a suitable permutation of the
particles, the K-matrix for the electron sector, obtained from the W-transform, takes the
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following form

D3(2,0) Ds(4,0) Dy (4, 1) Dy (4, 2)

Ke = . . .
D3(270) D3(471) ]D)3(2(k_ 1)7k_2) D3(2(k_ 1)7(k_ 1))
D3(2a 1) D3(47 2) e ]D)?)(Q(k - 1)? k— 1) D?)(Qka k)

(5.67)
Note that the structure of this K-matrix is very similar to the maffix for the electron
sector of thesu(3),, states. The corresponding spin and charge vectors are given by

te = _(1a2501274707 7k - 172(k_ 1)7O7ka2k30) ’
se = (1,0,2;2,0,4;--- ;k—1,0,2(k — 1); k,0,2k) . (5.68)
Using the charge vector, and the shift m@p (#.33), on easily constructs the K-matrix for

generalM. The matrix for thep-sector is just the inverse @.. To bring it in a nice form,
we again perform a suitable permutation on the order of the particles

1 -1 -1 -1 0 0 0 0
—1 0 0
_1
2
_1 ) 0 0
2 D3" @ Ak
perm __ 1 1
(Ke) 0 ~1 1 ,
_3 _1
4 4
1 3
0 3 -3
1 3 1 3 1
0 0 0 —3 —% 1 1 1
1 1 3 1 (6k—4)M+3
0 0 0 -3 -3 —3 1 skd

(5.69)
whereD; * denotes the inverse Cartan matrix<ef{6). The charge and spin vectors are
given by

c—
2kM + 17"
s = (0, ,0;—1,0) . (5.70)

t¢:(07 70;07

It is important to realize that in this formulation, the fiét— 2 particles in thep-sector are
to be interpreted as pseudoparticles. It is this interpretation that causes the reduction from
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the cover system to the (non-abelian)5), 1s States. It is easily checked that the filling
factors obtained from the quantum Hall data is

2k

14

Note that in calculating the filling factors, we should keep in mind that the matfices (5.67)
and (5-6P) are each inverses only after a permutation on the order of the particles.

The first check that the quantum Hall data above are correct concerns the central charge.
This is most easily done by computing, numerically, the central charge reduction due to
the presence of pseudoparticles. For some moderate sizes fup-t6), we found that

the pseudoparticles reduce the central chargéié#. Using the formula[{4:22), we

indeed find the correct central charge for $aé5);, »/ affine Lie algebraq, = ;

A0k More-
over, fork = 1,2, the pseudoparticle matrices are shown to occur in the rérétricted Kostka
polynomials forso(5). These results will be presented in [5].

The non-abelian statistics of the quasihole excitations over the spin-charge separated

states at levek = 1 manifests itself at the level of the partition functiog: = A.As
(A¢, As denote the partition functions of the holons and spinons, respectively). We derived
an equation fo\ (at k& = 1) from the IOW equationg{4.4) using the statistics maiijx
of equation [5:84) (with\/ = 0)

(Mot — 1)% = (Mot + 1) (A + Dz 4+ (Mot + Ady) (22 + 22) (5.72)

wherex,. andx, are the fugacities for the holons and spinons respectively. The small
behaviour can easily be derived, and is given by

Mot = 14+ V2(we + 25) + 0(2?) . (5.73)

The factory/2 signals the non-abelian statistics (see sedtign 4.2) and it is the same as for
the Moore-Read state (see ef—1(5.8) with- 2). Indeed, the Moore-Read state is defined
in terms of the same parafermion and spin fields as the spin-charge separated states at level
k=1.

Also, the factory/2 follows from the quantum dimensions of the 4-dimensional repre-
sentation ofo(5), which is calculated to be

)+cos( 2m )) (5.74)

ak:Q(cos( 13

™
k+3
Fork = 2, this equation givea, = /5, a result which also can be derived from the Bratteli
diagram for the spin fields of the related parafermion theory at level2.
In the next section, we will relate the K-matrices for the electron sector to the para-
fermionic CFTs, and write the corresponding characters in the form of a UCPF. As these

characters are related to the so-cabtrithg functionsof the affine Lie algebra theories, we
can check the consistency of the results of this chapter with respect to these string functions.
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5.5 The relation with parafermions

As an application of the K-matrices which were obtained for the various quantum Hall
states, we will consider the relation with the K-matrices for the parafermion theories. In the
next chapter, these will be extremely useful in determining the ground state degeneracy of
the non-abelian quantum Hall systems in the presence of quasiholes. The K-matrices for
the parafermions associated to simply-laced affine algebras are known already. However,
for the non simply-laced cases, the results appear to be new.

To explain the relation between the K-matrices for the quantum Hall systems and the
statistics of parafermions (which is encoded in the K-matrices), we will usé thparafer-
mions of the spin-polarized clustered quantum Hall states as an example. For convenience,
we will repeat the matriXX, and charge vector (ed—{5]10)) for this state

M+2 2M+2 ... kM+2 1
OIM+2 202M +2) ... 2(kM +2) 2

KM = , _ _ , , tM=—1.]. (575
KM +2 20kM+2) ... k(M +2) k

The operators which can be associated to the particles described by this K-matrix are

Vi = qpy s eve VM T2 (5.76)

fori =1,...,kand the operator with= 1 is just the electron operator eq-(3.14). Note that
the parafermion field);, = ¢y = 1, which means thal}" is just a chiral vertex operator.

The statistics properties which are due to the vertex operators are easily calculated, by
taking products of the coefficients of the chiral boson fields

1 2 k
2 4 2k

L:kM;Q . | (5.77)
k 2k - k2

Note that this matriXL is not a K-matrix or statistics matrix of a quantum Hall systems;

it is the contribution of the chiral boson fields to the (mutual) statistics of the particles.
To obtain the full statistics properties, the statistics due to the parafermion fields must be
included. This leads to the conjecture that the K-matrix for the parafermions can be obtained
by taking the difference of the matricds{5.75) and {5.77) and consider only the firdgt
particles. Doing this, we find the following matrix

Yy, ij=1,...k—1. (5.78)

(Kpt)ij = (Ke = L)ij = 2(min(i, j) —

This is precisely twice the inverse of the Cartan matrixsafk), which is indeed the K-
matrix corresponding to th&, parafermion theory, see edq.(8.35) and [68, 65, 41]. In
particular, this matrix is used in the fermionic character formula forZhearafermions.

In this UCPF, all the particles are real particles.
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The method described to obtain the K-matrices for the parafermion theories can be cast
in a form which is more easy to handle. The ‘decoupling’ of the bosonic degrees of freedom
from the parafermions can be achieved by applyisd.én, Q) transformation. For the case
at hand, we have

1
1 %
!
X = : ,
1 7]6;1
1
0
B -1
K, = XK.XT = 2h4 : (5.79)
0
0 -+ 0 k(kM+2)

Thus the ‘X-transformation’ has the effect of decoupling the parafermion fields from the
chiral vertex operators. In thg-sector, the pseudoparticles are decoupled from the quasi-
hole excitations, as can be verified easily

L ;
Ke=| 2 - . (5.80)

0 --- 0 m

We immediately find that the K-matrix for the parafermion theory is just the inverse of the
K-matrix for the pseudoparticles of the quasihole sector, where all particles are considered
to be real particles, as was the case for the all the particles of the electron sector. This result
is also true for the parafermions afi(3),/u(1)? (see, for instance[[41]). We now make

the conjecture that the K-matrix for the parafermions associated to theso¢sgt/u(1)?

is also given by the inverse of the pseudoparticle matrix ofsth{8) affine Lie algebra
theory. This matrix is easily obtained from eg-{5.69)

1
£ 1 2
2 D;' ® Ag_q
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Using the result for the central charge of the K-matrix description ofittjg),. affine Lie
algebra theory, it is easily checked that the central charge corresponding to this matrix is
indeed given by, = % — 2, which is the central charge of the parafermions related
to so(5);. The central charge associated to the K-matrices of the parafermions and the
pseudoparticles add up 8& — 2, because these matrices are each others inverse and have
dimension3k — 2 (see eg. [[415)). Also, the central charge associated to the pseudopar-

ticles is such thask is reduced to the central charge of the affine Lie algebra, 1%

' k43"
Combining these results, we indeed figd = (3k — 2) — (3k — %) = 79 — 2.

Another important check which we performed is exploiting the relation between the
parafermion character formulas and the string functions associated to the affine Lie theories.
This relation, which follows from the definition of the parafermionic CHIS [43], in general
takes the following form

Z =)k (5.82)
wheren = q2_14 [T, (1 —¢%) = qﬁ(q)oO andn is the rank of the affine Lie algebra.
The quantitie5cf\‘ are the string functions of the Lie algebra. These are the generating
functions for the multiplicities of the (affine) weightin the highest weight representation
A [B4]. The parafermion fields correspond®q, so the form of the parafermion matrices
we conjectured are expected to be related to the charzgfe’r = >\ (n)"c}, where the
sum over) is such that all the string functions of the forrhare included in the sum.

To show how this works, we will use the(5), parafermions as an example. Explicitly
the corresponding K-matrix is (conjectured to be)

2 1 0 0

1 3 1 _1
KPf = S I (5.83)
0 —5 1 0
0 -3 0 1
The UCPF based on this K-matrix, namely
lm-KPf.m
Zh =3 (5.84)
’ [L(Dm,
where them; (i = 1,...,4) run over the non-negative integers, can indeed be written as
the sum over string-functions
Zt = (n)ch . (5.85)
A

The sum over\ can also be characterized by saying that all the independent parafermion
fields ®} must be ‘present’. This correspondence has been checked on the computer, by
comparing the result from eq{5]84) to the string functions tabulated“in [62], using the
relation eq. [5:85)

The various string-functionsg

he 2’3) are obtained by restricting the sum in eq-(5.84).
Explicitly, we have

A2)

1m.KPf.m

(0,0 ¢ & q2
RN Z) IL(@)m, (5.86)

2
> res(A
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whereres(\) denotes the following restriction on the summation

2 2 = d4
mi + mo + 2ms 0 mo for A = (0,0)
ms + my = 0 mod 2
2 2m3 = 0mod 4
™1 +ma + 2mg o for A = (2,0)
res(\) = ms + My =1 mod 2 (5.87)
2 2 =2 mod 4 '
e 2 o for A = (0,2)
ms + my = 0 mod 2
2 2m3 = 1mod 4
e s YT fora = (0,1)
ms + my = 0 mod 2

Again, we found that these forms correspond, up to the order checked, with the string func-
tions obtained from{62]. Though we haven't got a proof, we believe that the explicit forms
of the string functions[{5-86) are indeed correct. To our best knowledge, these expressions
are the first explicit expressions for some of the string functions @).. In the forthcom-

ing paper [5], we will give conjectures for the K-matrices corresponding to arbitrary affine
Lie algebras, and the corresponding K-matrices for the related parafermion CFTs (which
are again related to the string functions of the fafth

5.6 K-matrices: an outlook

In the previous sections, we identified K-matrices for the various clustered quantum Hall
states. The main result is that the K-matrices can be written in the Farm K, with

K, = K_!. For the states with clustering (at level> 1), composites are present at the
‘electron sector’. These composites are accompanied by ‘pseudoparticles’drstaor.

For the non-simply laced cases, composites and pseudoparticles are also present at level
k = 1. This ‘duality’ is present at every level of description of the clustered quantum Hall
states. It was present at the level of electron and quasihole operators (see ghapter 3). It
will also be present in the next chapter, were the excitations over the states are studied by
means of numerical diagonalization of model hamiltonians, and by means of the exclusion
statistics properties of the parafermion fields.

The matrices obtained in this chapter also correspond to the matrices appearing in the
universal chiral partition functions for the affine Lie algebra conformal field theories. The
methods used to identify the K-matrices are not restricted to the cases motivated by the
guantum Hall states. Thus we expect that K-matrices with a similar structure can be found
for the other affine Lie algebra CFTs. This indeed turns out to be the case; more details on
the K-matrices for the affine Lie algebra CFTs will be givenlin [5].

In identifying the K-matrices, we encountered some identities, based on character iden-
tities, to relate matrices for different theories. Of course, we would like to have a general
scheme to find the matrices for general (rational) conformal field theories. An important
class of these CFTs are the coset conformal field theories. A first step in finding a general
scheme to obtain the K-matrices describing the coset conformal field theories will be given
in [B]. Some of the matrices corresponding to these cosets were identified in the literature
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before, and fit in the scheme presentediin [5]. However, also new results will be given, for
instance, results of K-matrices for parafermionic CFTs related to non simply-laced affine
Lie algebras.
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Chapter 6

State counting for clustered
guantum Hall states

The statistics properties of the parafermion fields will be investigated in this chapter, with
the intention of obtaining closed form expressions for the ground state degeneracy of clus-
tered quantum Hall states in the presence of quasihole excitations, as describédlin [47, 9].
This state counting problem is interesting for the following reasons. The clustered quantum
Hall states can be seen as ground states of a hamiltonian with an (ultra local) interaction
between the electrons. Finding the ground state degeneracy of this hamiltonian can be done
in a conformal field theory (CFT) approach, relying heavily on the statistics properties of
the parafermionic fields. Another approach is by humerically diagonalizing the interaction
hamiltonian for a small number of electrons. This method can serve as a check on the
analytical results of the first approach. Thus, the quasihole degeneracies of a system of
interacting electrons can be understood in terms of parafermionic statistics!

Also, the results for the state counting can be viewed as a justification of the K-matrices
for the quantum Hall states presented in the previous chapter, because these matrices are
closely related to the K-matrices for the parafermion theories, used in the state counting.

In the context of the spin-polarized states of Read and RezayZ,titer su(2); /u(1))
parafermions are the relevant parafermions. For the non-abelian spin-singlet (NASS) states
of [10], the relevant parafermions are the parafermions related 8, /u(1)? (see [43] for
a discussion on general parafermion CFTSs).

This chapter is based ori [9] arid [4]. The plan of this chapter is as follows. In sgclion 6.1
we will shortly indicate the setup of numerical diagonalization studies, because we need to
adapt the calculations to the setup in which these studies are done. Also, we present some
of the results of these numerical studies, which were done by E. Rezayi. These results can
also be found infJ9]. The general structure of the counting formulas will be indicated in
section[BR. It will become clear that the degeneracy consists of an intrinsic and an orbital
part, which need to be combined in the right way. The intrinsic degeneracy factors need to
be split to make this possible. The remainder of this chapter is devoted to this task, closely
following the discussion ofi[4]. We will explain the procedure to obtain these expressions
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using thesu(3)2/u(1)? parafermions of the NASS state at level= 2 as an example

(see alsol9]). The first step is to find a basis for the (chiral) spectrum of the parafermion
CFT. Here, we make contact with the K-matrix description of the clustered quantum Hall
states from chaptgi 5. Using this basis, recursion relations for truncated characters will be
derived (sectiof6].3). These recursion relations can be solved using the results of[Sgction 6.4,
providing expressions for the truncated characters. From the explicit truncated characters,
the ‘split degeneracies’ can be extracted. Finally the counting formula for the paired spin-
singlet states is obtained in section 6.5, filling in some of the details of the discussion in [9].
In section[616, counting formulas for the RR states at general leweé obtained, while
section6]7 deals with the counting formulas for the geneNASS states. For all the cases
checked, the results of the numerical diagonalization studies are exactly reproduced by the
counting formulas.

6.1 The setup of the numerical studies

Though we will not describe numerical diagonalization studies in depth in this chapter, it

is necessary to point out briefly in which setup they are done, because we need to adapt
our calculations to be able to compare results. The numerical diagonalization is most easily
done on the sphere. The interaction between the electrons is chosen such that the clustered
state under investigation is the unique ground state (in the absence of quasihole excitations).
Note that this interaction is an ultra local, many-body interaction, rather different from the
long range Coulomb interaction. To ‘tune’ to the right filling fraction, a specific number

of flux quanta needs to penetrate the sphere. States with quasiholes can be studied by
increasing the number of flux quanta (but keeping all the other parameters the same); this
results in the creation of quasiholes, as can be seen from the Laughlin gauge argument. The
number of flux quanta needed for a state on the sphere with quasiholes is given by

1
Ny=-N—S+AN,, (6.1)

where IV is the total number of electrons, amslVy the number of excess flux quanta,
needed for the creation of the quasiholésis an integer constant depending on the state
under investigation. Also, the number of quasiholes which are created by increasing the flux
by one flux quantum depends on the state under investigation. For the spin-polarized RR
states, this relation is given by = kAN, wheren is the number of quasiholes. For the
NASS states of sectidn_8.5, we have

n=mn; +n; =2kAN, . (6.2)

For the clustered quantum Hall states with quasiholes present, the ground state is de-
generate (for the ultra local interaction). The degeneracy consists of two parts. First of all,
there is an orbital degeneracy, which is caused by the fact that in this setup, the quasiholes
are non-local. This orbital degeneracy is not specific for clustered states; it is also present
for the (unpaired) Laughlin states. For a system in which the quasiholes are localized, this
degeneracy would not be present. Secondly, there is an intrinsic degeneracy, which stems
from the non-trivial fusion rules of the spin fields, needed to create quasihole excitations.



6.1. The setup of the numerical studies 101

This source of degeneracy is special for the clustered states. Here, we will focus on this
intrinsic degeneracy and obtain analytical expressions, which allow the combination with
the orbital degeneracy factors. This provides us with explicit expressions for the degeneracy
of the ground states, in the presence of quasiholes.

As spin and angular momentum are good quantum numbers, all the states obtained
from the numerical diagonalization fall into spin and angular momentum multiplets. The
structure of the counting formulas is such that also the multiplet structure can be extracted.

The numerical diagonalization studies for the spin-singlet states[egj. (3.5) were per-
formed by E. Rezayi fok = 2, M = 1 in a spherical geometry. As discussed before
the flux-charge relation for this state d, = 7N/4 — 3. The number of single-particle
orbitals (the lowest Landau level degeneracy)Vis + 1. In order to make contact with
the results on more conventional geometries the raftiwg the sphere has to be chosen
so that the number of flux i&, = 2R? (where the magnetic field strengfh is fixed,
such that the magnetic length is 1 in our units),/8e= /N /2 [49]. The filling factor is
v = N/Ny = 2rn, wheren = N/(4n R?) is the particle number density.

For numerical purposes, it is best to re-express the interaction hamiltonian in terms
of projection operators onto different values of the total angular momentum for different
groups of particles]49]. For th&/ = 1, k¥ = 2 case of the NASS states, the required
hamiltonian can be written as

H=U Y Py(3Ns/2—-3,3/2)+ V"> Pij(Ny,0), (6.3)
i<j<k 1<J

with U, V' > 0. HereP;;i(L, S) (P;;(L, S)) are projection operators for the three (resp.,
two) particles specified onto the given values of total angular momeitamd spinS for
the three (resp., two) particles. Each projection is normalize®fte- P. To see that this is
the required hamiltonian, that corresponds to the short résfigection interaction foll =
0, and gives the same numbers of zero-energy states found above, note the following. First,
the maximal angular momentum for several particles corresponds to the closest approach of
those particles[49]. In particular, the two-body term is a contact interactionyard V;,
the zeroth Haldane pseudo-potentiai [49]. The two-body term implies that any zero-energy
states must have no component with total angular momeniyand total spin zero, which,
since we are dealing with spin 1/2 fermions, means the wave function must vanish when any
two particles coincide. The wave function must therefore contain a fagtpmultiplication
by this factor defines a one-one mapping of the full space of states of spin 1/2 bosons in the
lowest LL, with N, reduced byN — 1, onto the subspace of states of the fermions that is
annihilated by the two-body term iff. Under this mapping, the three-body hamiltonian
for the M = 0 case corresponds to the three-body terr/irand selects the corresponding
states as zero-energy states. In particular, the total spin of the three bosons when they
coincide (and hence of the fermions) musth@. Hence the zero-energy eigenstates of
the present hamiltonian are given by the results derived earlier. Note alsfl tbah be
rewritten in terms ob-functions and their derivatives. The zero-energy eigenstates of this
hamiltonian were found for variou¥ and .V, values, and analyzed in termsbfandsS.

The results for these numerical diagonalization studies for the spin-singlet statées of [10]
can be found in table§%.1 afd]6.2. The results are stated as a functiorantl AN,
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which is related to the number of quasiholes, €q] (6.2) with 2. Also, we indicated the
spin and angular momentum multiplet structure.

As an example, we also include a typical energy spectrum for the systems without quasi-
holes in figurg6]1. Indeed, in this case, the ground state is non-degenerate, as one would
expect.
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Figure 6.1: The spectrum of the NASS model ground statéVfee 8 and 4/7 filling. The
last panel shows alf values combined. The insets are the low lying levels. Figure due to
E. Rezayi.

6.2 Degeneracy factors and counting formulas

The intrinsic degeneracy is caused by the non-trivial fusion rules of the spin fields. As an
example, we will use the spin fields of the(3)> /u(1)? parafermionic CFT. The fields and
their fusion rules in this theory can be determined according to the methods of [43] and
are summarized in tab[e$.3. We use the notation introducéd in [9]. The parafermion fields
are denoted byy, and all have conformal dimensiah, = % In particular,v 12,112
correspond to the roots;,—c, anda; +ao of su(3), respectively. The spin fields; o ,03

and p are related to the weights af:(3) and their conformal dimensions are given by
A, = {5 andA, = 2. The fusion of an arbitrary number of, | fields can be depicted
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Table 6.1: Counting results for the NASS state& at 2. N is the number of electrons;
ANy is the number of excess flux quanta. The results are given as a function 6f the

(angular momentum) anfl (total spin) quantum numbers. The total number of states is

also indicated.
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ANy = 5 ANy =3
_ _ #=10[S=0 1
N =2 f:gis_g i L=0 10
B L=1 0 1
#=175[5=0 1 2 3
4-10[S=0 1 L=0 0201
L=1 2 110
N=6| L=0 10
L1 01 | L= 0310
B L=3 2 100
L=4 0100
#=48|5=3 3
=3 11
N=5 #=0
=3 11
L=3 10
ANy = 3 ANy = §
#=28|5=3 3
#=4]5=3 L=0 00
N =3 =
L= 1 L=1 11
L=2 10

Table 6.2: Counting results for the NASS states at 2 with fractional AN, (Symbols as

in table[G-1L).
X ot o) o3 p 1| Y2 | Y2
ot 1+p
oy | Y12 +03 1+4+p
o3 | Yr+op | Y2 +og 1+p
p | Yator | Yi+op | Yratos | 1+p
(a 03 p o1 o 1
Yo p 03 o) o P2 | 1
P12 o) o1 p 03 o |1 | 1

Table 6.3: Fusion rules of the parafermion and spin fields associated to the parafermion
theorysu(3),/u(1)? introduced by Gepner{43].

in a Bratteli diagram (see alsdl [9]). Each arrow in the diagram in fifflufe 6.2 stands for
either ac; or 0| field. The arrow starts at a certain field which can only be one of the
fields on the left of the diagram at the same height. This last field is fused with the one
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Figure 6.2: Bratteli diagram for the spin fields=f(3)s /u(1).

corresponding to the arrow, while the arrow points at a field present in this fusion. As an
example, the arrows starting at thare encoding the fusion rules< oy = ¥a(1) +01())

andosz X o1(|) = ¥1(2) + 0| (1). One checks that the diagram is in accordance with the first
two columns of tabl&H.3.

From figure[6.2, one immediately reads off that in general there is more than one fusion
path of spin fields with leads to the identity (possibly the identity is reached only after the
fusion with the parafermion fields, » of the electron operators). It is easily seen that the
number of fusion channels starting from and terminating athile n; oy andn| o spin
fields are fused is given by

d”%”l :f(ny—i—nl—Q), (64)

whereF(n) is then-th Fibonacci number, defined %(n) = F(n — 1) + F(n — 2) with

the initial conditionsF(0) = 1 andF (1) = 1. Next to this intrinsic degeneracy, there is an
orbital degeneracy. These orbital degeneracy factors can be found in [47, 9] for the states
discussed in sectiofis B.4 and| 3.5. These factors have the general form

i 4o,
(=) (65)

i

The product is over the types of quasiholes, while the numbgiare interpreted as the
number of ‘unclustered’ particles in the state. In the correlators, these correspond to the
fundamental parafermions;. For each fusion path, these numbers can be different, imply-
ing that we have to split the intrinsic degeneracy according to these numbers. We denote
these ‘split degeneracy factors’ §y;.. Explicitly, we have{  } and{ ;! 7. } for the RR
and NASS states, respectively.

Using the notation above, the counting formula for the clustered spin-singlet quantum

Hall states take the following form

Ny —Fy Ny —Fp
/ n n +n +n
#nass(N, ANg, k) = Y {FI F;} ( ' ny T)( k ny l) 7
k

Ny g, Fre
(6.6)

where the prime on the summation indicates the presence of constraints (see below eq.

(6550)). The equivalent counting formula for the Read-Rezayi states is given ineq|. (6.42).
The explicit split degeneracy factors for tg andsu(3),/u(1)? parafermions at level

k > 2 first appeared in[4] (fok = 2, these factors can be found in]84] ani [9] respec-
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tively). Previously, these factors for tt#, parafermions¥ > 2) could only be charac-
terized via recursion relations, séel[47, 22]. Note that the results in this chapter are easily
extended to the more genesal(N); /u(1)N ! parafermions.

We will now briefly outline in which way the split degeneracy factors are obtained. The
starting point is the character of the parafermionic CFT. The symjql€an be extracted
from finitized forms of these characteisi[47] (see aiso [90]). Recursion relations for these
finitized characters can be derived from an explicit basis of the parafermionic CFT. These
recursion relations will be written in a way that allows for an explicit solution, from which
the symbols{};, can be extracted. In the sectidns §.3-6.5, we will demonstrate this for the
level k = 2 spin-singlet states ofT10].

6.3 A basis for thesu(3),/u(1)? parafermion theory

In this section, we briefly describe how an explicit basis for the chiral spectrum of the
su(3)2/u(1)? parafermion CFT is formed. The starting point is the chiral character for the
parafermions in theu(3),/u(1)? conformal field theory. This character can be written in
the form of a ‘universal chiral partition function’ (UCPF) see, for instance, 13, 5]. For the
case at hand, this character regds [65]

(n3+n3—ninq)/2

ch(z1,72; 4, b = Zq—q) (6.7)
na

In this characterg; = ef* are fugacities of the particles, agd= e”° (3 is the inverse
temperature)(q), is defined by(¢), = [T;_,(1 — ¢*) fora > 0 and(g)o =
The bilinear form in the exponent gfis described by the matrix

K = (_11 ‘ﬁ) . 6.8)
2

The same matrix also describes the exclusion statistics of these parafermions. As we showed
in section[55, it can also be obtained from the K-matrix of the electron sector for this
guantum Hall state.

A basis for a CFT can be thought of as a set of states spanning the chiral Hilbert space.
This set of states can be written as a (set of) vacuum state(s), on which creation operators
act. The parafermions, »(z) in thesu(3)2/u(1)? theory can be expanded in modes as

dra(z) =Y zm? (6.9)

m__
meZ

As usual, the modes,,, with negative index are the creation operators while the modes with
positive index annihilate the vacuum

Ul0) =0 m>0. (6.10)

The set of states

Y Wl U [0) (6.11)
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is overcomplete, because of the (generalized) commutation rules of the parafermions. In
the following, we will point out which restrictions on the indicgswill remove the ‘over-
completeness’. In doing so, we will follow the exclusion interpretation of the K-matrix as
closely as possible and concentrate on the lowest possible ‘energy’ (given By _; s;)

for a certain number of applied fields first. The ordering of the magdesis such that we

apply they! modes first. From[{8.9) it follows that the simplest non-trivial state is

UL)0) (6.12)

Interpreting the matrix{{6]8) as the exclusion statistics matrix, the minimal spacing between
two ¢»! modes isl, thus the state with twg'’s acting on the vacuum with minimal energy
is

Pyl /5l0) (6.13)
The extension ta; ' modes is simple
UL 2ny—1yy2 " a0l /010) - (6.14)

Note that if this were the whole story, we would describe the (free) Majorana fermion. The
spacing betweey? modes is the same as for thé modes. However, if one acts with?

on a state in which)! modes are already present, one has to take into account the mutual
statistics between! andy? modes, which is-1/2, according to[[618). Thus the energies of
the+)? modes have an extra shift efn; /2, resulting in the following states (with minimal

energy)

2 2na—1-n)y2 V2 ey 2 (1) 2 @ —1yy2  Wia el el0) . (6.15)

The (dimensionless) energy associated to this st#@'@@, precisely the exponent

of ¢ in the character[{8.7). To obtain all the possible states, one has to allow states with
higher energies as well. As usuai[22], the energies of all the modes can have integer shifts,
under the restriction that modes acting on a state have larger energies than the modes of the
same type which have been applied earlier. This results in the following set of states

wz(Qng—l—nl)/2—tn2 o 'w2—(3—n1)/2—t2w2—(1—n1)/2—t1 X
X 7/)1—(2m—1)/2—sn1 "'¢£3/2—SQ¢£1/2—S1 |0), (6.16)

With s,, > ... > s3> 81 > 0andt,, > ... >ty >t; > 0(s;,t; € N).

Up to now, we used the special ordering of applying modes to the vacuum, namely, all
the ¢»! modes first. This is in fact enough to span the whole chiral spectrum, as can be
seen if we perform the trace over all basis states. More or less by construction, we obtain
the character[{8.7). However, we also can allow a general ordering of the modes. As an
example, we take the following state

V2 0L 5[0) . (6.17)

The energy of the)> mode is zero because it gets an extra shift of2 due to the presence
of thew! mode. In spanning the whole chiral spectrum, we can also choose to use the state,
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with the order of the modes changed
YLot?y50) . (6.18)

In this case, the)' mode gets an extra shift of1/2, because of the presence of thé

mode. Thus, thé., value is the same for both states. In general, changing the order of two
neighbouring)! and+? modes does not change thg value if the extra shifts are changed

in the appropriate way. The extra shift of a field is given-by/2 times the number of
preceding modes of the other type. In general, two states related by a reordering of modes
are different, but we can use either of them (but not both) to span the chiral spectrum. Note
that the rules of the spacing between the various fields is in accordance with the (exclusion)
statistics interpretation of the matrik. The charactef[{8.7) is obtained by taking the trace
over all the states in the basjS{§.16)

ch(zy,29;q) = Trat al2qho . (6.19)

We can now define the finitized characters needed in the derivation of the syfihdig

using the basis described above. These finitized characters are polynomials which will be
denoted byY; ,,,). These polynomials are traces over the bdsis](6.16), but restricted to the
states in which the energy of the modes of the(v)) fields are smaller or equal {Qm).

Though the total energy of a state does not depend on the ordering of the modes, the energies
of the individual modes do depend on the ordering, as can be seen by comparing the states
(B-IT) and [6-18). By restricting the trace over states in which the labels of the modes are
bounded, we must include a state if there is at least one ordering in which all the modes
satisfy the bounds imposed. Note that there may be other orderings, in which these bounds
are not satisfied. We write the finitized characters as

Y(l,m)(zl,IQ;Q) :<1T<r/m I?IITQLQ‘JLO . (6.20)

The prime on the trace denotes an important restriction on the number of modes (denoted
by n; andny) present in the states. These numbers must satisfy= 2] (mod 2) and
ny = 2m (mod 2). This restriction takes into account that after fusing the spin fields,
one ends up in the right sector, which canib@, ¢, or ;5 depending on the number of
spin up and down electrons. This is necessary, because after fusing the spin fields and the
parafermion fields of the electron operators, on has to end with the id@ntibyobtain a
non-zero correlator.

The finitized characters; ,,,y can be written in terms of recursion relations of the fol-
lowing form

Yv(lﬂn) = }/(l—lﬂn) + xlqliiyv(lfl,mﬁ*%) )
m— i
Yum) = Yum-1)+22¢" " 2Y001 oy - (6.21)

Note that the recursion relations above are stated in terms of the energy labels of the modes.
The aim we have is finding the number of possible states when a certain number of extra
flux is added. We therefore need to make a change to labels which depend on the additional
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flux. In fact, we will use the number of particles (giventy andn, in this case) created
by this flux as labels for the finitized partition functions. Explicitly, we have = and
m = "2—1 In terms of the number of created quasiholes, the recursion relations become

nT_l
Yinin) = Yni—2m) T 21472 Ying—2n,41) 5

nl—l

Yinin) = Yy m—2) 2202 Yin,41n,-2) - (6.22)
The initial conditions for these recursion relations are as follows
Ya1,00=Yo01 =0,
Y0,00 = Y20 =Yo02 =1,
Yo = qiziTy . (6.23)
The finitized characters are completely described[by(6.22) (6.23). In the next sec-

tion, we will solve these recursion relations and thereby provide explicit expressions for the
finitized characters.

6.4 Recursion relations and solutions

The recursion relations of the previous section can be solved explicitly; we will follow the
approach of [[16]. The key observation is that the recursion relations can be matched to
general recursion relations, which are solved in terms of finitizations of universal chiral
partition functions. For convenience, we repeat the finitized partition functiong€g. (4.51)

fum@=§:qlﬁﬁﬁmkm&m11FL+@‘§”m+“L. (6.24)

(3

In this equation] is the identity matrix,K the statistics matrix an@‘g] the ¢-deformed
binomial (g-binomial)

_ (@a .
“_ ) @, “bEN;b<a (6.25)
b 0 otherwise .

Note that we defined thgbinomial to be non-zero only if both entries are integers greater
or equal to zero, to avoid additional constraints on the sums in the counting formulas.
From the definition of the-binomials, the following identity is easily derived

al  Ja-—1 apla—1
I i e A
Replacing the'th g-binomial factor in [6:24) by the right hand side §f{8§.26), one finds the
following recursion relations

Pr(z;q) = Pr—c,(2z;9) + Ziq_%K“JFQﬁu"JrL"PLfK-ei (z:q) . (6.27)
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The vectore; represents a unit vector in th#h direction. We will use the equivalence
between[[(6:24) and(6127) frequently, because the recursion relations we encounter in de-
riving the counting formulas are all of typg{(6127). Of course, upon deriving polynomials
from recursion relations, one has to take the initial conditions into account. For the counting
we need to know the finitizations of the character formulas, and these can be written in the
form (6224). Thus, when we solve recursion relations by polynomials of the (6.24),
the proper initial conditions are automatically taken into account.

We start by applying the above to the recursion relatipns](6.21), resulting in the follow-
ing expressions for the truncated characigys ., )

b2 —ab)/2 b L) [t
}/(’I‘LT,’ILl x17x27 Zq(a + —(L))/ xi’x2|: Z :| |: ZQ) :| . (628)

In this sum,a andb have to be restricted such that= n; (mod 2) andb = n; (mod 2).
Taking the limit(ny,n;) — (o0, 00), and summing over the four possibilities of the parity
for ny,n|, gives back the untruncated characfer] (6.7).

The result eq.[[6:28) for the truncated characters will be needed for the final counting
formula, which we give in the next section.

6.5 A counting formula for the NASS state atk = 2

From the truncated characters of the previous section, we can obtain the syfhhols
needed in the counting formula ed._{6.6). In fact, the symidisare obtained by tak-
ing the limitq — 1 of the coefficient ofz* .2 in eq. (6:ZB) (see, for instance, [47, 9])

ny
Yinymy) (@1, 0251) = Y apta) {F1 FQ}. (6.29)

F1,F>
In this limit, theg-binomials in [6-28) become ‘ordinary’ binomials and we find

nT nl nT+F2 nl+F1
= 2 2 . 6.30
th i), Ca)0a) 63

The fact that the finitized characters indeed provide the syr{Bdssrather non-trivial. This
connection was first proposed in[47]. Some (restricted) ‘solid on solid’ (SOS) models (see,
for instance [3]) can be mapped to the Bratteli diagrams of the spin fields of the quasiholes.
Recursion relations for the partition functions for these models (at finite size) are in general
equivalent to recursion relations for finitized characters in certain CFTs. In the case at hand,
the corresponding CFT is the parafermion CFT. This provides a link between the Bratteli
diagrams and the parafermion theories. As a check, on can calculate the number of fusion
paths for the spin fields by summing over the symKéland compare to the result obtained
from the diagram itself. In this specific case, the equivalence follows from the structure of
the recursion relations (see for instante [9]), giving rise to the identity

, ny+ro n|+F
) 2 _ _
> ( H )( H )]-"(m—i—m 2). (6.31)

F1,F>
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The prime on the summation denotes the constraffitss n; (mod 2) and F» = ny
(mod 2). At the level of the wave functions, the degeneracy is due to the presence of parti-
cles which do not belong to a cluster any more. At the level of correlators, these unclustered
particles correspond to parafermiapsands)?, which act as ‘cluster breakers'. In the case
of the Moore-Read state, this was made explicitin [84].

The counting formula for the NASS statefat= 2 is obtained by inserting the symbol
(6-30) in the general counting formulaT6.6)

#(N, ANy, k = 2) =

ny—+Fo n|+F; N;—F; N
Z’ T2 l2 T2 +nT l +nl ; (632)
F1 F2 nq n|

Ny pmg 1, Fre

where the prime on the sum indicates the constraifjts- N| = N, n; +n| = 4ANy4 and
NTle :nifm.

We will now comment on the spin and angular momentum multiplet structure. As an
example, we will write out the polynomials,,, ,, ) in the case of two added flux quanta,
giving eight quasiholes

Yigo) =1+ (> +¢° +2¢" + ¢ + ¢°)at + ¢°21 + (¢ + ¢" +¢* + ¢ + ¢'%)aia}
Yiray) = (% + 4% +q3 +q¥)zizo + (47 +2¢ + 297 +2¢7 + ¢ % )aba,
+q e x?x% s
Yoo =1+ (> +¢* +¢")al + (@ + ¢ +2¢" + ¢° + ¢°)2ia3
+(¢° + 4"+ ¢¥)riad
Yo = (2% +2¢% +2¢° + q%)xwz +(q® +q% + ¢ )atm
+(g? +q% +q7 +q7)afad,
Y =1+ 27 + 25 + (¢ +2¢° + 3¢" + 2¢° + ¢®)ai2d + Pajas
etc. (6.33)
After multiplying the coefficient of:2 222 with (in general);— (1 F1+7172)/4 one obtains
a sum of terms of the form'=, which together form a collection of angular momentum

multiplets with quantum numbefs. Taking the polynomial’s 3y as an example, we find
the following non-zero symbols

(i el
{g i’}2=3 (L=1),
{g 2}224 (L:%). (6.34)

An alternative way to obtain these results is by associating angular momentum multiplets
to the binomials in eq. [(6.B2). The binomia@) forming the symbols[}, need to be
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interpreted as the number of ways on can ptgrmions ina boxes, which are labeled with
l, = —@, —@ +1,..., (“—;1) angular momentum quantum numbers. Each way of
putting thef fermions ina boxes has al{°* associated with it. Together, theé® quantum
numbers fall into angular momentum multiplets. In this way, angular momentum multiplets
can be associated with the binomials. The angular momentum multiplets of the various
binomials in the counting formula need to be added in the usual way.

Though the parafermion theory does not have a préfiéf2) spin symmetry, one can
associate spin quantum numbers to every state by taking NTgNi . Combining the spin
and angular momentum, one finds that all the states fall into spin and angular momentum
multiplets.

The numerical diagonalization studies for the NASS state at fevel2 are described
in [9]. Itis very gratifying to see that the counting formula eg—{p.32) does in fact exactly
reproduce the quasihole degeneracies, as well as the multiplet structure.

In order to find the counting results for the spin-singlet states at generaldgwel first
take a closer look at the counting of the Read-Rezayi states, which was in fact dofe in [47].
Those results however, were stated in terms of recursion relations which are difficult to
solve. The advantage of the recursion relations presented in the next section is that they can
easily be solved in terms ofi{deformed) binomials, and thus provide explicit expressions
for the symbolg } .

6.6 Counting formulas for the Read-Rezayi states

The derivation of the counting formulas for the RR states goes along the same lines as the
derivation for the NASS k=2 states as explained in the previous sections. Therefore, we do
not go into full detail, but concentrate on the parts which need more explanation.

We start with the character of tha(2),/u(1) parafermionic theory (se&{115]), which
can be obtained from [68,165,141]

h(asq k) =Y EEE (6.35)
chz;q, k) = ) ——F—~—a'", :

@ [L:()a:
wherea = (ai,...,a,—1) andCy_1 = 2A; "', A,_; being the Cartan matrix ofu(k). In

components, these matrices are given by

(Ag—1)ij = 28i5 — 6ji—ji1 (6.36)
_ PPN ¥ ] o
(Ak—lﬁi,j = min(s, j) — % i,j=1,...,k—1. (6.37)

In fact, C,_, is the K-matrix for theZ, parafermions and can also be obtained from the
matrix K. in eq. (5-ID) by the methods described in secfioh 5.5.

The parafermions in this theory atg, v1, . . . ¥, _1 (¢ is the identityl and the labels
are defined modulg). By writing % in the characte{6.85), we take care of the fact that
the fugacity of speciesis i times the fugacity of the first type of particle. In fact, ttih
species can be thought of as a ‘compositei pérticles of species. This point of view is
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supported by the fusion rules for these parafermions, = 1,41, Withp =1,... k—1.
This structure is also present in the K-matrix structure describing the Read-Rezayi states,
presented in sectidn .1 (see also [4&] 6, 7]).

A basis for the chiral spectrum can be constructed in the same way as described in
section©6J3. The shifts in modes between the various fields are given by the elements of the
matrix K = C,_1. We will now proceed by directly giving the corresponding recursion
relations

Yi(z;q,k) = Yie, + 2'¢" (6.38)

The factori:=2 — ) is the conformal dimension of thigh parafermion in theZ,-parafermion
theory. These recursion relations are solved by the following polynomials

k—1
x 1q, k Zq2(a Cx-1-a) H ta; [(1 + (Hk—l - Ck—l) 'a)i , (6.39)

@
=1 v

wherel,_; denotes thék — 1)-dimensional unit matrix. To obtain the counting results,
we have to specify the truncation parameterdAs in the NASS case with = 2, we will

do this in terms of the number of particles created by the extra flux, given bykA N

for the states under consideration. Because the chemical potential of spsdiéimes the
chemical potential of specids the truncation parametéy has to be scaled with a factor

i with respect ta;, (see, for instancel[7]), which is found to lbg = 7. This leads to
the following truncation parameteis = % and the truncated characters needed for the

counting become

Yl a,K) = Zq2<a‘ckla>ﬂ ] e | PR OV

Q;

To obtain the symbol$ 7 }, which are needed for the counting, one has to take the limit
q — 1 of the prefactor of:™" in eq. (6:4D). This results in

- kﬂl( frlln o)), (6.41)

E iai:F i=1

With this result, we arrive at the following counting formula for the Read-Rezayi states (for

generalk)
) (S
#RR(N7 AN¢a k) - Z F n ) (642)
k

F

with n = kAN,. To make the above (in particular the symbégls. of eq. (6:4]L)) more
explicit, we will discuss thé: = 2 (i.e. the Moore-Read state) akd= 3 cases. For the MR

state counting, we need to know the symbp). Eq. (6:41L) withk: = 2 gives{  }» = (2).

Of course, this is just the result already found inl [84]. Note that our notation is slightly
different with respect to the one used inl[84, 47]. In our notation, we denote the number of
created quasiholes by In [B4,47],n denoted the number of extra fluxes, which is denoted
by ANy in our notation.
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Although the method described above seems to be unnecessarily complicated to repro-
duce this result, it is very useful for obtaining closed expressions for2. As an illus-
tration, we will discuss the case= 3, and compare our results withJ47]. For= 3, the
polynomials are given by the following expression

2 (a?4b2+ab) .a+2b g — %Qb 2?” _ 2a?j»b
Yn(.%;q,?)) - qu € a b . (643)
a,b

Indeed, these polynomials reduce to the one&’in [47], upon setting. The symbolg }5
are now easily written down

-2 00 ) 40
a+2b=F

Note that only a finite number of terms contribute to the sum in EG-](6.44). In fact, this is
true for all the symbolgT{6.41) with finite.

The fusion rules for the spin field which is part of the quasihole operator at leket 3
(see [8b]), can be encoded in a Bratteli diagram with the same structure as the diagram
B2 (note that the fields differ, of course). This is a consequence of the rank-level duality
su(2)3 < su(3)s (see§l6.6 in [34]). Thus the total intrinsic degeneracy for the= 3
Read-Rezayi state with quasiholes is given by,, = F(n — 2). Indeed, by summing the
symbols{ % }5 over F, this result is reproduced.

The angular momentum multiplets can be found in the same way as described in section
@. Let us note that fot = 1 the only degeneracy factor remaining in e[gf_(ﬁ42)“§”)
which is precisely the orbital factor for the Laughlin states with quasiholes present. This
was of course to be expected, as the= 1 Read-Rezayi states are in fact the Laughlin
states.

To conclude the discussion on the counting for the Read-Rezayi states, we would like to
mention that the numerical studies as presented for3 in [44] are in complete agreement
with the counting formulas. At this point, no numerical results are availablé for 4.
In the following section we will turn our attention to the counting of the NASS states for
general level.

6.7 Counting formulas for the NASS states

In this section, we describe the counting for the NASS states at generakleVee will
closely follow the procedure of the previous sections, that is, we start by writing down the
chiral character corresponding to the(3); /u(1)? parafermionsi65,41]

1(a-Cx_1-a+b-Cx_1-b—a-Cx_1'b) )
q2 ia;  Jbj
ch(xy,xe;q, k) = g [ A (6.45)
Hi,j (Q)ai (Q)bj L2

(Li,bj

where we used the same notation as in Eq-6.35). This character is of the UCPF form with
the K-matrix equal to the K-matrix of theu(3);/u(1)? parafermions, which is given by
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K= ( 2 ) ®A,;_11. The recursion relations corresponding to the basis of this theory can

be written in the following way
i(k—1)

Y,m)(T1,72;¢,k) = Ya_e,;m) + zigh~

1
—Cr_1-ei,m+5Cr_1-€;) »

Yi,m) (71, 72;¢, k) = Yam—e;) + ahg™i~ (6.46)

j,m—Cy_1-€j5) -

Once again, we solve the recursion relations by matching these recursionsio eq. (6.27). The
truncated characters take the form

i (r10735000) = 3 4685 s

ai,bj

]ﬁleav {(1 + (Te—1 — (Ckila), ra+ %Ck—l : b)z:| %
i=1 7

k—1 1

b + (Ig—1 —Cg—1) - b+ 5C_1 -a) .

I+ [<m (Mem1 = Cra) - b+ 30 aw . (6.47)
=1 i

We continue by specifying the parametgrandm;. We have to use the same construction

as in the RR case, with the difference that we now need the number of spin up and down

particles (denoted by, andn,) created by the excess flux. Usifig= ’"TT andm; = %

results in

Yv('rm nl)(xhx%q’ k) = Z q%(a.Ck,raer-(Ck,l.bfa-(Ck,rb) «

ai,bj
kilxmi {m;.; + ((My—1 — Cp—1) a4+ 2Cp_q - b)l} y

1
i=1 Q;
k—1 jny 1

2[5+ (I —Cr—q) - b+ 2Cpr_q-a).
Hfﬂ%b][ B kb%) 2 a)ﬂ}. (6.48)
j=1 J

From eq. [6.48) we obtain the symbcﬁlgT oy . % by taking the limit; — 1 of the coefficient

of i1 22>
ing ((Iy—1 — Cg—1) -a+ 3Cy_y1 - b).
ny n k S e
wal- ¥ (e )
> ta;=F; =1
2 jbj=F»
k—1 ,jn
1l <k 4 ((Lemt — Cr) - b+ 1Chy 'a>j) | (6.49)
L bj
j=1

We know have specified all the ingredients of the counting formula for the NASS states

NT—F1 Nl
’ ny n +n s +n
#nass(N, ANy, k) = Z {FI F;} ( ' n T) < n l) 7
Ny p,nq,,Fi2 k ! ! (6 50)
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where the prime on the sum indicates the constraiijts- N| = N, ny +n| = 2kAN,
andN; — N| = n| —ny. The last constraint is a necessary condition for the state to be a
spin-singlet (for more information on the constraints, see [9]).

The casek = 2 was explicitly discussed in sectign 6.5. Hor= 1 only the orbital
degeneracy factors remain, and we obtain the counting formula for a particular class of
Halperin states[55]. Indeed, fér= 1, the NASS states reduce to the spin-singlet Halperin
states. As already mentioned in section 6.5, the counting forruig (6.50) with the symbols
(6:49) exactly reproduces the results of the diagonalization studiés<$az [9]. Fork > 3,
no numerical results are available at the moment.



Epilogue

After the results of the previous chapters, this is a good point to sit back, and reflect upon
the issues which were discussed. Mainly, this thesis has been about using conformal field
theory to give a description of (possible) quantum Hall states. Motivation came form the
observation of an even-denominator fractional quantum Hall state, which is believed to be
related to a trial wave function which consists of the usual Laughlin factor and a factor
which is best characterized by a pairing structure. This pairing (or in general, clustering)
opens the possibility for an extra fractionalization of the quantum numbers for the quasi-
holes, compared to the Laughlin quasiholes. Moreover, the quasiholes of the clustered states
satisfy what is called non-abelian statistics. These statistics properties are a consequence of
the clustering properties of the electrons.

This duality between the properties of the electrons and quasiholes is present at the level
of the conformal field theory description as well. On this level, it was found that a basis of
the underlying conformal field theory (of affine Lie algebra type), can be split into two dual
parts, one related to the quasiholes, the other to the electron like particles. Though such a
description of conformal field theories came about in the study of fractional quantum Hall
states, it can be used in a more general setting, to find similar bases for other conformal field
theories.

In defining new quantum Hall states (see chafter 3), we used the following procedure.
We assumed the existence of a quantum Hall state with certain characteristics (for instance
a paired spin-singlet state) and then used conformal field theory to describe such a state.
Of course, one can not hope to give an exhaustive list of all possible states, as this would
require a full classification of conformal field theories. Also, not all conformal field theories
are related to quantum Hall states. However, if one finds quantum Hall states in this way,
one can study its properties, having quite powerful conformal field theory techniques at
hand. As stated above, this has led to new ways of looking at bases for conformal field
theories.

Starting from the spin-polarized Moore-Read state, we have included the electron spin
in a natural way. This has led to some interesting spin-singlet quantum Hall states, which
have a similar clustering structure as the spin-polarized variants. Also, the quasiholes obey
non-abelian statistics. In addition, in one type of these spin full states, the fundamental
guasiholes show a separation of the spin and charge degrees of freedom, for the first time in
the context of the quantum Hall effect.
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To test the ideas of using conformal field theories in the description of clustered quantum
Hall states, one can try to find a model interaction for which the state under consideration is
the ground state. The degeneracy obtained by diagonalizing this interaction (for instance on
the sphere), for systems with quasiholes present, can be understood in terms of the under-
lying conformal field theories. The fact that the quasihole states are degenerate, lie at heart
of the non-abelian statistics satisfied by the quasiholes. For the NASS states we carried out
the program outlined above in full detail, see chapter 6. Important to note here is that the
only things specified in the numerical diagonalization are the ground state properties, for the
system in the absence of quasiholes. This again points to the duality between the clustering
properties of the electrons and the non-abelian statistics of the quasiholes. Also here, it is to
be expected that this relation holds in more general situations, not only the ones related to
guantum Hall states.

An important issue concerning the clustered quantum Hall states is an effective field
theory description. This issue is not addressed in this thesis. To further study the behaviour
of the excitations, and calculate in more detail the tunneling behaviour, it would be nice to
have a full quantum field theory description for these states, as is available in the case of the
Laughlin states. Though some progress has been made in this respect, more research in this
area is needed for a full understanding of these states.

On the experimental side, there are a lot of unanswered questions. In general, it is hard
to distinguish experimentally between the various proposed states. One of the possibilities
is to measure thé— V' characteristics for various tunneling processes, as these are, in many
cases, different for the various proposals. Also the charge of the fundamental quasiparticles
is an option, because of the additional fractionalization of quantum numbers in comparison
to the competing hierarchical states, which exist in the cases of odd-denominator clustered
states. However, measuring these properties on samples where the relevant plateaux are
observed is not possible at this point.

In relation to the spin-singlet states studied in this thesis, it is to be expected that these
states are most relevant in the regime where the Zeeman energy goes to zero. This can
be achieved experimentally by applying pressure on the sample. This changes the band
structure and in effect sends the Zeeman energy to zero. This behaviour has been demon-
strated in experiments which showed the existence of skyrmions attheplateau. These
skyrmions are topological excitations with many reversed spins, and can have lower energy
than ordinary spin-flips in the low Zeeman energy limit.

A very interesting experimental development is the observation of a fractional quantum
Hall effect at2 Kelvin in organic molecular semiconductordn the more conventional
materials, the fractional quantum Hall states are only observed at temperaturekielow
Kelvin. It would be interesting to cool these organic molecular semiconductors to the milli-
Kelvin regime. One can hope that in these systems the Hall plateaux at even denominator
filling fraction are observed at temperatures higher compared to the conventional systems.
Possibly, quantum Hall states are observed at new filling fractions as well.

One has to realize that the study of the quantum Hall effect is much broader than the
study of the clustered states presented in this thesis. An important aspect which | would like
to mention here is the issue of the transitions between quantum Hall states, and the transition
to the insulating state at high magnetic fields. In certain types of samples, there have been
clear observations of scaling with universal scaling exponents, pointing at quantum critical
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behaviour.

In the single layer quantum Hall systems, a lot of different states are formed. In double
layer systems, there is a whole plethora of states, due to the extra degree of freedom and a
lot of research is done in this area (both experimental and theoretical). There is much more
interesting physics in the quantum Hall regime, but describing it all would go beyond the
scope of this epilogue.

To conclude, the research described in this thesis covers only a small area of quantum
Hall physics, but is nevertheless important, as it provides systems in which (quasi)particles
satisfy new forms of statistics, which are special to the types of quantum Hall states dis-
cussed. Also, the properties of these states and the corresponding quasiparticles were stud-
ied in various ways, giving interesting results from the physical as well as the mathematical
point of view.
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Samenvatting

Dit proefschrift beschrijft mogelijke toestanden gevormd door de electronen in systemen
waarin hetfractionele quantum Hall effeaptreedt. Door analogés te maken met alle-
daagse verschijnselen zal ik in deze samenvatting proberen duidelijk te maken wat ik tijdens
mijn promotie heb onderzocht.

Laat ik beginnen met een zeer alledaagse stof: water. Water kan voorkomen in drie
toestanden (fases), namelijk in vaste vorm, in vloeibare vorm en als gas. Door de temper-
atuur (of de druk) te veranderen kunnen deze vormen in elkaar overgaan, en spreken we van
eenfase overgangln dit proefschrift heb ik mij niet bezig gehouden met water, maar met
electronen Electronen kunnen, op dezelfde manier als water moleculen, verschillende toe-
standen vormen, afhankelijk van de externe omstandigheden, waaronder de temperatuur. In
dit proefschrift heb ik een aantal van deze toestanden onderzocht; voordat ik die toestanden
beschrijf, wil ik eerst de belangrijkste eigenschappen van electronen duidelijk maken.

Electronen kunnen, net als water moleculen, opgevat worden als deeltjes. Een van de
belangrijke eigenschappen van electronen is dat ze geladen zijn. Omdat alle electronen
dezelfde lading hebben (die we efl stellen; het minteken is historisch bepaald), stoten
electronen elkaar af, op ongeveer dezelfde manier als gelijknamige polen van magneten.
Bovendien worden electronenibeloed door magnetische velden. Hiervan wordt gebruik
gemaakt in beeldbuizen: electronen worden afgeschoten en daarna afgebogen door mag-
netische velden, waardoor ze op de juiste plaats van het scherm komen. Daar produceren ze
licht, en zo wordt het beeld gevormd dat we zien.

Er zijn nog twee eigenschappen van electronen die ik wil noemen. De eerstegmde
van het electron. Globaal gesproken kunnen electronen in twee ‘soorten’ voorkomen, die
we spin-op en spin-neer noemen. Deze soorten kunnen in elkaar overgaan. De laatste eigen-
schap die zeer belangrijk is, is dtatistiekvan electronen. Kort gezegd komt het er op neer
dat electronen van dezelfde soort niet op dezelfde plaats voor kunnen komen, zoals we ook
gewend zijn van voorwerpen in het dagelijks leven. Deze eigenschap van electronen wordt
hetuitsluitingsprincipegenoemd. Golven, zoals bijvoorbeeld aan het opperviak van water,
maar ook radiogolven, hebben een heel andere statistiek. Dat dat zo moet zijn blijkt uit het
feit dat deze golven ongehinderd door elkaar heen bewegen, zonder elkaimvtedten;
golven kunnen zich dus wel op dezelfde plaats bevinden.

Zoals reeds opgemerkt is, kunnen electronen verschillende fases vormen, op dezelfde
manier als water moleculen. Een voorbeeld is de toestand van electronen in een stuk metaal.
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Figure S.1: Schematische weergave van een (quantum) Hall weerstands meting

In een (n#ef) beeld kunnen de electronen in metaal als koper beschreven worden als zouden
ze zich als een gas gedragen. In deze beschrijving wordt ervan uit gegaan dat de electronen
elkaar niet bénvloeden, een benadering die in sommige gevallen redelijk goed blijkt te
werken.

Echter, de interactie tussen electronen is cruciaal voor de systemen waar ik de afgelopen
jaren onderzoek naar heb gedaan. Dit zijn geen alledaagse syste@nerarEde ongewone
dingen is dat in de systemen waar ik naar gekeken heb, namelijk het grensvlak van een
isolator en een halfgeleider, de electronen zich alleen maar in een plat vlak kunnen bewegen.
In normale metalen kunnen electronen zich in alle drie de dimensies bewegen, maar in deze
systemen is de vrijheid beperkt tot het zojuist genoemde grensvlak.

Tevens wordt er op deze systemen $aimple¥ een sterk magneetveld aangelegd en
worden ze sterk afgekoeld. Het zijn dus niet de meest alledaagse omstandigheden, maar in
een laboratorium kunnen ze gerealiseerd worden. Het is onder deze omstandigheden dat de
electronen eigenaardige toestanden vormen, die zich nog het beste laten vergelijken met een
vloeistof, echter wel een zeer eigenaardige vloeistof.

Om de vreemde eigenschappen van deze vloeistoffen duidelijk te maken, zal ik eerst
een experiment beschrijven dat reeds aan het eind vag‘deeuw werd uitgevoerd. Men
neemt een dunne strip metaal, bijvoorbeeld van koper. Deze strip wordt in een magneetveld
geplaatst, en er wordt een stroom door deze strip gestuurd (zie figuur S.1 voor een schema-
tisch overzicht). Merk op dat in dit experiment de electronen in alle drie richtingen kun-
nen bewegen. De stroom door de strip gaat gepaard metpamingsverschivy, in de
richting van de stroom, zoals gebruikelijk is voor normale metalen. Echter, door het mag-
neetveld onstaat er ook een spanningsversghiin de richting loodrecht op de stroom,
de Hall spanning, genoemd naar de ontdekker Edward H. Hall [53]. Deze Hall spanning
wordt veroorzaakt doordat de electronen door het magnetisch velde@adm@nt van de
strip worden afgebogen en er dus een ladingsverschil tussen beide kanten van de strip wordt
opgebouwd. Als het magneetveld sterker wordt gemaakt worden de electronen sterker afge-
bogen, en daarmee wordt ook de Hall spanning groter (en wel recht evenredig); in formule

Vi = B, (S.1)
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Magnetic field (T)

Figure S.2: Weerstands metingen aan een quantum Hall sample

waarbijc een constante is die onder meer afhangt van de dichtheid van de electronen. Dit
effect wordt het (klassieke) Hall effect genoemd.

Nu kunnen we de overstap maken naar de vloeistoffen die electronen kunnen vormen in
samples waarin de electronen zich daadwerkelijk in een plat vlak bewegen. Deze vloeistof-
fen kunnen alleen ontstaan bij zeer lage temperatuur, mindes&tegraad boven het abso-
lute nulpunt. Bovendien moet het magneetveld zeer sterk zijn, zo’n miljoen maal zo sterk
als het magnetisch veld van de aarde. Als we onder deze omstandigheden dezelfde soort
metingen doen als E.H. Hall, dan vinden we iets opmerkelijks. De Hall spanning vertoont
een heel ander beeld, er treden plateaus op, zoals te zien is in[figquur S.2. De waarde van
het Hall geleidingsvermogen (gegeven dogr = RLH = %) op deze plateaus is zeer
bijzonder, namelijk

2
on="L2%, (S.2)
qh
waarbijp een geheel getal is eneen oneven getak is de electrische lading, terwifl de
constante van Planck is; beide zijn natuurconstanten. Dus de waarde van de Hall geleiding is
een eenvoudige breuk vermenigvuldigd met natuurconstanten. Belangrijk om op te merken
is dat dit gedrag voor verschillende samples, die qua details van elkaar kunnen verschillen,
hetzelfde is. Ook de vorm van het sample is hierbij niet van belang, in tegenstelling tot
klassiekesystemen, waarin de geleiding sterk afhangt van de vorm van het systeem. Behalve
de plateaus die waargenomen worden in de Hall weerstand, gaat de longitudinale weerstand
bij dezelfde waardes van het magneetveld naar nul; het is alsof de stroom ongehinderd door
het sample kan lopen, een effect dat lijkt op het gedrag van supergeleiders. Virdeget
guantum Hall effect, ontdekt in 1980, geldt dat= 1. In het geval day > 1, maar
wel geheel, spreken we van Hedctionelequantum Hall effect. Om dit effect te kunnen
verklaren is het van essentieel belang dat de electron interacties worden meegenomen in de
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beschrijving. De toestanden die de electronen vormen onder deze omstandigheden worden
ook welquantumvloeistoffegenoemd.

De quantumvloeistoffen die de quantum Hall systemen beschrijverpmetl en g
een oneven geheel getal zijn bedacht en onderzocht door R.B. Laughlin en worden Laugh-
lin toestanden genoemd. Zoals bij normale vloeistoffen ook het geval is, zijn deze quan-
tumvloeistoffen moeilijk samen te drukken. Een andere analogie die met gewone vloeistof-
fen getrokken kan worden is het bestaan van golven aan het opperviak van vloeistoffen.
Voor de quantumvloeistoffen in twee dimensies kan een soortgelijk verschijnsel optreden,
maar dan aan de rand van het sample. Dit soort golven noemeracitatiesvan het sys-
teem.

De eigenschappen van deze excitaties zijn niet te vergelijken met de eigenschappen van
gewone golven. De quantumvloeistoffen zijn opgebouwd uit electronen, die geladen zijn.
Echter, de lading die kan worden toegekend aan de excitaties is een slechts een fractie van
de lading van de electronen. In het geval van de Laughlin toestanden is degradliagl de
lading van het electron. Deze fractionele lading is waargenomen in experimenten, waarbij
de excitaties van een kant van het sample naar de andetuikenatien Hierbij veroorzaken
de excitaties ruis, die vergeleken kan worden met de ruis die te horen is er hagelstenen
vallen op een dak. De lading van de excitaties is van invioed op de ruis. Door deze ruis te
onderzoeken is de lading van de excitaties gemeten, en deze blijkt inderdaad een fractie te
zijn van de electronlading.

Ook binnen de quantumvloeistof kunnen geladen excitaties voorkomen; wederom kan
deze lading een fractie zijn van de lading van het electron. Deze excitaties, of ook wel
guasideeltjes, kunnen, althans in theorie, géeré worden door locaal het magneetveld
langzaam iets te verhogen. Het gevolg is dat de electronen zich ‘een beetje’ van deze plaats
vandaan bewegen, en er een gat achter blijft. De lading van dit gat hangt nauw samen met
het geleidingsvermogen op van het systeem, dat gegeven wordt door vergelijking (S.2). Zo
is bijvoorbeeld de lading van deze deeltjes voor het systeempmet 1/3 gelijk aan1/3
maal de lading van het electron. Dat er quasideeltjes kunnen bestaan met een lading die
kleiner is dan de lading van de electronen die de toestand opbouwen kan alleen doordat heel
veel electronen tezamen een toestand vormen, en als het ware samen werken om dit gedrag
voor elkaar te krijgen.

Een andere, zeer belangrijke eigenschap van deze quasideeltjes istopolpgisch
zijn. Dat houdt in dat hun aanwezigheid het gehele sample op een globale manier veran-
derd, en niet alleen in de buurt waar deze deeltjes zich bevinden. Het gevolg is dat kleine
verstoringen in het systeem de eigenschappen van de quasideeltjes niet kunnen veranderen.
Bovendien is de statistiek die we aan deze deeltjes toekennen bijzonder. Deze statistiek
zit als het ware in tussen de statistiek van electronen, die elkaar volledig uitsluiten, en de
golven, die ongehinderd op dezelfde plaats kunnen komen.

Lange tijd is het zo geweest dat het fractionele quantum Hall effect alleen werd waar-
genomen met plateaus waarbij het geleidingsvermogen gegeven wordt door fdrmule (S.2),
waarbijq een oneven getal is. Dit is ook duidelijk terug te zien in figuur S.2. Het feij dat
al deze gevallen oneven is, is gerelateerd aan een fundamentele eigenschap van electronen,
namelijk het uitsluitingsprincipe. Groot was dan ook de verbazing toen er een quantum Hall
effect alleen werd waargenomen bij een Waardel(}/a;ﬂ 5 Zie figuur op paginE]lS.

Tegenwoordig wordt dit begrepen door aan te nemen dat in deze toestanden de electro-
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nen als het ware paren vormen (ondanks het feit dat electronen elkaar afstoten). Voor deze
paren geldt het uitsluitingsprincipe niet, en deze paren kunnen een toestand vormen die op-
treedt bij de waargenomen waarde van het geleidingsvermogen. Deze toestand is bedacht
door G. Moore en N. Read, en wordt wel de Moore-Read toestand genoemd.

Het is gebleken dat de quasideeltjes die in deze toestand voor kunnen komen speciale
eigenschappen hebben. Net zoals de quasideeltjes in de Laughlin toestanden hebben de
quasideeltjes een lading die een fractie (nameljjk) van de lading van het electron is.
Belangrijker is echter een eigenschap die evgaardingnoemen. Dit houdt in dat het
plaatsen van identieke quasideeltjes op bepaalde posities op verschillende manieren kan
gebeuren. Stel we plaatsen vier quasideeltjes (op vier vaste plaatsen), dan blijkt dit op
twee verschillende manieren kan worden gedaan. Laten we deze twee manieren voor het
gemak ‘rood’ en ‘blauw’ noemen. Door nu meerdere quasideeltjes achtereenvolgens om
elkaar heen te draaien (om daarna weer uit te komen op de oorspronkelijke posities) kan
het zo zijn dat het systeem overgegaan is van ‘rood’ naar ‘blauw’. De volgorde waarin
het de deeltjes om elkaar zijn gedraaid is van belang voor de uiteindelijke uitkomst. Dit
zeer opmerkelijke gedrag (dat volgt uit de theoretische beschrijving van de toestand, en
(nog) niet is waargenomen), komt niet voor bij de quasideeltjes die horen bij de Laughlin
toestand. De mogelijkheid voor dit gedrag komt, uiteindelijk, voort uit het gegeven dat de
electronen paren gevormd hebben. Ook het feit dat we systemen bekijken in twee dimensies
onder invloed van een sterk magneetveld is van essentieel belang.

Met deze toestand zijn we aanbeland bij het onderzoek dat ik tijdens mij promotie heb
gedaan. Dit gaat ook over speciale toestanden waarbij de electronen paren, of meer al-
gemeen, clusters vormen. We hebben onderzocht welke toestanden er, in principe, mo-
gelijk zijn. Het is gebleken dat de spin van het electron verschillende toestanden mogelijk
maakt. Van de toestanden die we gevonden hebben, hebben we de eigenschappen in kaart
gebracht. Hierbij hebben we speciaal gelet op de eigenschappen van de quasideeltjes, om-
dat deze afwijkend zijn van de ‘normale’ quasideeltjes in quantum Hall systemen. Eigen-
schappen waar we speciaal naar gekeken hebben zijn de topologische eigenschappen van
de quasideeltjes, en ook de ontaarding, zoals die ook optreedt bij de toestand die hierboven
is beschreven. Een van de mooie resultaten, die in het geval van de Laughlin toestanden
al bekend was, is dat de topologische eigenschappen nauw verbonden zijn met de statistiek
van de deeltjes. Deze statistiek op zijn beurt is weer nauw verbonden met de ontaarding.
Deze verbanden hebben het mogelijk gemaakt om expliciete formules af te leiden die de on-
taarding van de toestanden, waarin zich quasideeltjes bevinden, beschrijven. Het mooie is
dat deze ontaardingen ook uit computersimulaties gehaald kunnen worden. Het is gebleken
dat de resultaten van de computerberekeningen perfect overeen komen met de formules die
gegeven worden in hoofdstillk 6.

Ondanks dat de meeste toestanden die in dit proefschrift beschreven zijn, (nog?) niet
zijn waargenomen, is het onderzoek ernaar belangwekkend, omdat deze toestanden eigen-
schappen hebben, die nieuw zijn in quantum Hall systemen. Ook voorzien ze in mogelijke
systemen, waarin deeltjes voorkomen met vormen van statistiek die nog niet zijn waargeno-
men. Dit onderzoek is dus niet zozeer van praktisch nut geweest, maar heeft wel bijgedragen
aan het begrip van de mogelijke toestanden van materie die in de natuur voor kunnen komen.
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