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Why topologial states in CMP?

YBCO single crystal @ 22.3K.

Scan height 420nm

Topological defects occur as excitations of condensates.

Topological order a new paradigm 
for many body physics.

Phases with order provide organizing principle



• Topological order and fractionalization

• Poking at Fractional quantum Hall states

• Stability of 1/2-qv’s in SrRuO

• Summary and outlook

In search of topological states  
with fractionalized excitations.
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3D

How to tell? 

2D

‣ double exchange = I 
‣ θ =0 (boson), π (fermion)

‣ θ  can be arbitrary
‣ (abelian) Anyon

ψ(r1,r2) = eiθ ψ(r2,r1)

Fractionalization of quantum numbers
charge e*=e/q
vorticity h/4e = 1/2 h/2e

Fractional statistics (spin) 
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n- nonabelian vortex states

Nonabelian statistics

exchange of qp’s: 
rotation in d(n) dim             
Hilbert space

Ψ(x1, · · · , xn) =




ψ1
...

ψd(n)





Ψ(x1 ↔ x3) = MΨ(x1, · · · , xn)

Ψ(x1 ↔ x2) = NΨ(x1, · · · , xn)

d(2n) = 2n-1 for MR state or p+ip SC
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Fractional charge e*=e/q

Ng=qg e.g., N1=3

2n Non-abelian vortices 

N2n=2n-1 for MR state or p+ip SF
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-Qubits

-Unitary operation:       
computation

-Decoherence control:      
quantum error correction 
code

 Quantum Computation
Requirements for quantum computation

➡Non-abelian anyons

➡Braiding                                                                           

➡Automatic
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RH as a topological invariant:

➡precise and robust

Anyon

‣ e.g., Moore-Read state
- ν = 5/2
- qp types: 1, σ (e*=1/4), ψ
- 4-σ’s: 2 states ⇔1 qubit

 FQH and Topology
Experimental check

✓ ν = 1/3 charge

✓ ν = 1/3 statistics

✓ ν = 5/2 point contact 
operation, e/4 charge

 WANTED: signature of non-abelian anyons
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- 2+1 D quantum field theory

- topological invariance ⇔ 
general covariance

- Observables: Wilson lines

The CS theory and Wilson lines

Wilson line configurations in 2+1 D space-
time

2+1 D permits nontrivial knots
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Where it all started

•Fractional quantum Hall effect:

Witten: Quantum Field Theory and Jones Polynomial

-Wilson line  
 :knots & representation of compact gauge group
-Cutting three manifold     with a Riemann surface 
 :cut Wilson lines mark points

ΣM

-CS theory is the effective field theory
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Jones Polynomial & Wilson lines

Wilson loop insertions in spin-1/2 representation:         
Gauge invariant observable of CS theory

∫
DαTr1/2

{
P exp

[
i

∮

γ
α

]}
exp

[
2
4π

∫
d3xεµνλ

(
αa

µ∂ναa
λ +

2
3
fabcα

a
µαb

ναc
λ

)]

= Vγ(eiπ/4)

Jones Polynomial of the loops evaluated at  q = eiπ/4

-        topological invariant of a knot      
-Quantum mechanical amplitudes’ 
dependence on the braiding of world lines  

Vγ(q) γ
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cutting 2+1D space with       
a 1+1D surface

Cut Wilson lines mark 
points in 1+1D event space

The theory at the 
boundary is relativistic

(x-vt)
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Real life?



Transport measurements of QHE
Quantum Hall setting

-2D electron system                   
-low T, large magnetic field ~ 10 T

Quantized magnetotransport

-Robust and precise quantization RH =h/νe2

(from W. Pan et al, 1999)



PC tunneling: poking at the edge states

Quasiparticle Tunneling in the Fractional Quantum Hall State at ν = 5/2

Iuliana P. Radu,1 J. B. Miller,2 C. M. Marcus,2 M. A. Kastner,1 L. N. Pfeiffer,3 and K. W. West3
1Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

2Department of Physics, Harvard University, Cambridge, Massachusetts 02138
3Bell Labs, Lucent Technologies, Murray Hill, New Jersey 07974

(Dated: 7 March 2008)

Theory predicts that quasiparticle tunneling between the counter-propagating edges in a fractional
quantum Hall state can be used to measure the effective quasiparticle charge e∗ and dimensionless
interaction parameter g, and thereby characterize the many-body wavefunction describing the state.
We report measurements of quasiparticle tunneling in a high mobility GaAs two-dimensional electron
system in the fractional quantum Hall state at ν = 5/2 using a gate-defined constriction to bring
the edges close together. We find the dc-bias peaks in the tunneling conductance at different
temperatures collapse onto a single curve when scaled, in agreement with weak tunneling theory.
Various models for the ν = 5/2 state predict different values for g. Among these models, the
non-abelian states with e∗ = 1/4 and g = 1/2 are most consistent with the data.

The fractional quantum Hall (FQH) effect [1] results
from the formation of novel states of a two-dimensional
electron system (2DES) at high magnetic field and low
temperature, in which electron-electron interactions lead
to gaps in the bulk excitation spectra. Because of these
gaps, current can only flow via extended states that prop-
agate around the edges of the 2DES [2]. At a constriction
in the 2DES, such as that formed by a quantum point
contact (QPC), counter-propagating edge states come
close enough together that quasiparticles can tunnel be-
tween them. According to theory [3], weak quasiparticle
tunneling depends strongly on the voltage difference be-
tween the edges (or, because of the Hall effect, the current
through the QPC), and should scale with temperature
in a way that provides a measurement of the effective
charge, e∗, of the quasiparticles and the strength of the
Coulomb interaction, g. Since both e∗ and g are specific
to the FQH state, such measurements provide a discrim-
inating probe of FQH wavefunctions.

The FQH state at ν = 5/2 [4] has received partic-
ular attention because the leading candidates for the
wavefunction for this state have elementary excitations
that exhibit non-abelian particle statistics [5, 6, 7, 8, 9].
Whereas the interchange of abelian particles such as elec-
trons multiplies the wavefunction by an overall phase,
the interchange of non-abelian quasiparticles can lead to
a different wavefunction. Identifying a physical system
with non-abelian statistics would be of fundamental in-
terest, but would also provide a basis for a topological
quantum information processing scheme [10] that is re-
sistant to environmental decoherence [11, 12]. Although
wavefunctions with non-abelian excitations are the prime
candidates [13] to describe the state at ν = 5/2, alter-
natives with abelian properties have also been proposed
[14, 15, 16]. All candidate wavefunctions for ν = 5/2
have quasiparticle effective charge e∗ = 1/4, but they
differ in the predicted values of g [8, 9, 17, 18, 19].

Weak tunneling theory, developed originally for Laugh-
lin FQH states [3], has also been extended to non-abelian

states [17, 18, 19, 20, 21]. Tunneling measurements on
a single constriction can distinguish among candidate
wavefunctions for ν = 5/2; existing proposals to find di-
rect evidence for non-abelian statistics, however, require
multiple constrictions to create interference among tun-
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FIG. 1: Magnetic field dependence of the diagonal (RD) and
Hall (Rxy) resistance for device 2 at fixed gate voltage from
ν = 2 to ν = 4 illustrating that both the QPC and the bulk
are at the same filling fraction. The upper inset shows low-
field data from the same device (device 2) emphasizing that
the carrier density in the annealed QPC is nearly the same as
that of the bulk (red and black traces with almost matching
slopes), while in the non-annealed QPC (green trace) the den-
sity shifts significantly. For clarity, the non-annealed data has
been offset vertically by 0.003 h/e2. Lower insets are scanning
electron micrographs of devices with similar gate geometry to
those used in these experiments. In device 2, grounded gates
held are artificially colored gray.
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bias dependence of RD proportional to that of gT (right axis) up to a constant. B. Zero dc bias peak height as a function of
temperature. The red line is the best fit with a power law where the exponent is -1.3. C. The peak full width at half maximum
(FWHM) as a function of temperature. The red line is the best fit with a line going through zero. D. Data collapsed onto a
single curve using an exponent -1.3. E. Best fit of all the data in A with the weak tunneling formula (eq. 2) returns e∗ = 0.17
and g = 0.35.

are slices along the dashed lines in Fig. 3. Since the
voltage drop between the two counter-propagating edge
states in the QPC is the dc current multiplied by the Hall
resistance, we have labeled the horizontal axis with both
the current and the dc voltage, using Rxy = 0.4 h/e2[3].
All these traces saturate at the same value R∞ at high
dc bias, higher than the expected value 0.40 h/e2. The
height of the peak, measured from R∞, decreases with in-
creasing temperature, following a power law in tempera-
ture with exponent −1.3 (Fig. 4B). The full width at half
maximum (FWHM) of the peak increases linearly with
temperature and extrapolates to zero at zero tempera-
ture, consistent with a zero intrinsic line-width (Fig. 4C).
The data can be collapsed onto a single curve (Fig.! 4D)
when the horizontal axis is scaled by T and the verti-
cal axis is scaled by T−1.3 (after subtracting a common

background R∞).
Extracting g and e*. The observed temperature de-

pendence of the peak height and FWHM is consistent
with the theoretical predictions of weak quasiparticle
tunneling between fractional edge states [3, 18, 19]. In
that picture, the zero-bias peak height is expected to vary
with temperature as T 2g−2, which gives g = 0.35 for the
data in Fig. 4B. The weak-tunneling expression, which
includes the effects of dc bias [3] has the form

gT = AT (2g−2)F (g,
e∗IdcRxy

kT
), (2)

(see Supporting Online Material for details). This func-
tional form fits the experimental data very well, as seen
in Fig. 4E (Note that RD and gT differ only by an offset

Chiral Luttinger liquid behavior

Radu et al, ArXiv: 0803.3530
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Fractional charge

Dolev et al, Nature vol 452, 829 (2008)



Double PC interferometer
Success in the abelian case ν = 1/3

-  V. Goldman (2005) - Theory (E.-A. Kim, 2006)

correct superperiod
T-dep oscillation amplitude
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Proposal for MR state
The interferometer setup

Perturbative calculation of tunneling response:    
current ⟨ I ⟩and noise ⟨S(ω)⟩
➡ involves a pair of  Wilson lines 

terminating at four marked points
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The topology of  Wilson line config’s.
Lowest order tunneling interference.

Lines can, effectively, be pulled through for 
abelian states

Different FQH states ⇔ Different rules for 

untangling or pulling a Wilson line through another.

(0) (1)



Can these two possibilities 
show up in measurable 

quantities for the MR state ?



The current v.s. the noise

Current defined as a response

Noise (fluctuation)

commutator

anti-commutator



 Edge state theory
The charge: chiral boson ϕc

Non-Abelian statistics: Ising conformal field theory

Primary fields 1, ψ, σ

Electron operator: 

Quasi-particle operator:

,where 



double PC calculation

(after C. Chamon et al.)

PC tunneling: instantaneous charge transfer

Tunneling Hamiltonian



current and noise

Both require four-σ correlator



Ising CFT technology
Fusion rule: a part of definition of CFT

four σ correlator:                                            
simplest object displaying non-Abelian nature

Two channels p=0,1 : the key feature of non-
Abelian statistics. (qubit) 
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• Current • Noise
- A response to 
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- Fluctuation (correlation) 
in current

- Not bound by causality



Two states in interference noise

(0) (1)

Interference noise: qualitative state dependence.

State dependence only for space-like separation.

t

space-like time-like
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Why decreasing function of ω in the state (1)

Interpretation
Why only in the non-causal region? 

➡ Non-local entanglement can only be seen by 
space-like separated events 



• Topological order and fractionalization

• Poking at Fractional quantum Hall states

• Stability of 1/2-qv’s in SrRuO

• Summary and outlook

In search of topological states  
with fractionalized excitations.



K. Ishida et al, Nature (1998)

Spin-triplet superconductivity in Sr2RuO4 
identified by 17O Knight shift 
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: P-T breaking SC

Sr2RuO4

Singlet gap function 

Triplet gap matrix 

Gap function



 p+ip SC 

dL

Triplet gap matrix 
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1/2 QV in p+ip SC
The gap matrix

1/2 QV when dz=0 i.e., d = (cosα , sinα, 0)  

hc/2e vortex hc/4e vortices
∆φ=π

∆α = ±π
∆φ=2π

 2π winding for only one spin component
 π winding of order parameter phase φ
+ π rotation of d vector
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Energetics
Energy competition between full-QV and 1/2-QV

Gradient free energy when d⊥L (London limit)

‣ d-vector bending costs energy
‣ Reducing vorticity saves magnetic energy

• Spin current energy diverges logarithmically!



stability of 1/2 QV

Competition between screened magnetic repulsion 
and unscreened spin attraction

Finite equilibrium size for small 

Use mesoscopic samples.

ρsp/ρs
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Edge interpretation of the even-odd effect

Mesoscopic samples for 1/2 QV’s 

In search of topological states  with 
fractionalized excitations.

Now what?
-How to prepare the states

-How to detect 1/2 QV’s
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