
Exercises CFT-course fall 2008, set 2.
Due on wednesday, october 15, 2008.

1. The conformal ward identity.

a. Carefully derive the conformal ward identity

δ〈Φ1(z1) · · ·Φn(zn)〉 =
1

2πi

∮

C

dzε(z)〈T (z)Φ1(z1) · · ·Φn(zn)〉 + c.c. .

b. Show that for primary fields, this gives rise to the equation

〈T (z)Φ1(z1) · · ·Φn(zn)〉 =
∑

i

( hi

(z − zi)2
+

∂zi

(z − zi)

)

〈Φ1(z1) · · ·Φn(zn)〉 .

2. The Schwartzian derivative.

a. Show that the Schwartzian derivative

{w; z} =
w′′′

w′
−

3

2

(w′′

w′

)2

,

(with w′ = dw

dz
etc), is zero if and only if w(z) = az+b

cz+d
. Start by solving the first order

differential equation for (w′′/w′), and proceed by solving for v = w′.

b. Show that for successive transformations z → w → u, one has the following composition
rule

{u; z} = {w; z} +
(dw

dz

)2
{u; w}

3. The two point function on the cylinder.

a. Calculate the two point function of a primary operator φ(z, z̄) with scaling dimensions
(h, h̄) on the cylinder, by using the conformal map w = L log z

2π
. Result:

〈φ(w1, w̄1)φ(w2, w̄2)〉 =
(2π

L

)2h+2h̄
(2 sinh

(

π(w1 − w2)/L
)

)−2h(2 sinh
(

π(w̄1 − w̄2)/L
)

)−2h̄

b. Let w = t + iu. Analyze the result of a. in the limits t1 − t2 ≪ L and t1 − t2 ≫ L. For
simplicity, you may assume that h = h̄.
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