
Exercises CFT-course fall 2008, set 1.
Due on wednesday, october 8, 2008.

1. Renormalization group flow in one dimension.

a. The one-dimensional Ising model in a (reduced) magnetic field is described by the
hamiltonian

H = −K
∑

j

sjsj+1 − h
∑

j

sj ,

where sj = ±1. Perform a renormalization group transformation (with scale factor
b = 2) by summing over every other spin. Discuss the renormalization group flows in
the (x, y)-plane, where x = e−2K and y = eh.

b. Let tj be a ‘spin’ at site j which can take the values tj = 1, 2, 3. The one-dimensional
three states Potts model is described by the hamiltonian

H = −K
∑

j

δtj ,tj+1

Perform a similar renormalization group transformation as in a., and derive the flow
equation. Show that there are no non-trivial fixed points.

2. The infinitesimal form of the special conformal transformation.

Write the most general from of the quadratic part of εµ, namely εµ = cµνρx
νxρ, to derive

the infinitesimal transformation

x′µ = xµ + bµx2 − 2xµ(b · x) ,

and give the explicit form of bµ.

3. The (finite) special conformal transformations (in d dimensions) have the form

x′ =
x + bx2

1 + 2b · x + b2x2
.

a. Derive the scale factor Ω(x) for this transformation: Ω(x) = (1 + 2b · x + b2x2)2

b. Show that |x′
1 − x′

2|
2 = |x1−x2|2

γ1γ2
, where γi = (1 + 2b · xi + b2x2

i )

c. Show that the special conformal transformations leave angles invariant.

4. Show that the three point functions of quasi-primary fields have the following form

〈φ1(x1)φ2(x2)φ3(x3)〉 =
C123

xh1+h2−h3

12 xh2+h3−h1

23 xh1+h3−h2

13

The hi are the scaling dimensions of the fields φi.

1



5. Show that the n point functions of quasi-primary fields satisfy

∑

i

∂zi
〈φ1(z1) · · ·φn(zn)〉 = 0

∑

i

(zi∂zi
+ hi)〈φ1(z1) · · ·φn(zn)〉 = 0

∑

i

(z2

i ∂zi
+ 2hizi)〈φ1(z1) · · ·φn(zn)〉 = 0 ,

by considering the infinitesimal form of the global conformal transformations.

6. (Optional). On the course website, http://www.nordita.org/˜ardonne/cft-course.html,
there are three pictures. What do they correspond to?
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