
Exercises CFT-course fall 2023, set 5.

1. The Virasoro algebra.

Show that the Virasoro algebra has the following form

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn+m,0 ,

where Ln =
∮

dz
2πi
zn+1T (z).

2. Mode expansion of primary fields.

In analogy to the stress-energy tensor, we define a mode expansion of (holomorphic)
primary fields φ(z) as

φ(z) =
∑
n∈Z−h

φnz
−n−h , φn =

∮
dz

2πi
zh+n−1φ(z) .

a. Show that regularity requires φn|0〉 = 0 for n ≥ −h+ 1.

b. Calculate the commutator [Ln, φm] by first calculating [Ln, φ(w)]. Show that L0φ−h|0〉 =
h|h〉, as expected.

3. The OPE of descendent fields.

Show that the OPE of T (z) with φ(−1)(w) = ∂φ(w), where φ(w) is a primary field of
dimension h, takes the form

T (z)∂φ(w) =
2hφ(w)

(z − w)3
+

(h+ 1)∂φ(w)

(z − w)2
+
∂2φ(w)

z − w
+ reg .

1


