
Hand-in problem 4

September 22, 2019

1 Similarity solutions

When a PDE is dimensionally consistent, one can look for solutions which only depend on a dimensionless
combination of the independent variables.
1) The heat equation in 1D is :

Bu

Bt
“ σ

B2u

Bx2
σ “ cst (1)

a) Given that rts “ T and rxs “ L, what is the dimension of σ ? Infer a dimensionless variable z fl x tα σβ .
b) Equation (1) being homogeneous, there is no constrain on the dimension of the dependent variable. So, one
can assume that rus “ T δ . Look for solutions of the form upx, tq “ tδ Upzq.
c) You should get a 2nd order linear ODE for Upzq. Solve it by the Frobenius method in the case δ “ ´ 1

2 .
Conclude on the similarity solution of the heat equation.
Hint : Discard the series which has only odd powers. It is possible to impose only even powers to the other
series, that you should be able to compute.
2) Here are the Prandtl’s equations describing a viscous �ow over a �at plate at y “ 0 (see �gure 1) :

upx, yq
Bu

Bx
` vpx, yq

Bu

By
“ ν

B2u

By2
ν “ cst (2)

Bu

Bx
`
Bv

By
“ 0 (3)

u and v are components of the velocity �eld in the half-plane ´8 ă x ă `8 , y ě 0 ; ν is the kinematic
viscosity. These equations are valid on a certain length scale above the plate, this region is called the laminar
boundary layer.
a) From equations (2) and (3), establish a 3rd order PDE for the stream function wpx, yq de�ned by :

#

u “ Bw
By

v “ ´ Bw
Bx

(4)

Afar from the plate, the velocity of the �uid is expected to be constant. Hence, we impose the boundary condition
lim
yÑ8

Bw
By “ U . This suggests that :

rws “ rU srys (5)

where rXs means the scale of the physical quantity X .
b) Balancing terms in the equation for w, �nd a relation between rws, rxs, rys and rνs. Then using equation (5),
show that :

rys “

«

c

νx

U

ff

and rws “
”?

Uνx
ı

(6)
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Figure 1: Flow over a �at plate at y “ 0

Note : rXY s “ rXsrY s
c) The previous result encourages to look for similarity solutions of the form wpx, yq “

?
Uνx fpηq with

η fl y
b

U
νx . Derive a 3rd order non-linear ODE for fpηq. It is know as the Blasius equation. One can only solve

it numerically, which however costs less than solving directly the Prandtl’s equations.

2 Method of characteristics

Solve the following quasi-linear 1st order PDE by the method of characteristics :
#

y Bu
Bx ` x

Bu
By “ upx, yq ´ 1

upx, y “ 2xq “ x2 ` y ` 1 @px, yq P R2
(7)

Hint : A nice parametrization of the initial conditial is
`

x “ t; y “ 2t;u “ pt` 1q2
˘

, @t P R.

3 Complex potential of a 2D incompressible irrotational �ow

Let us consider a 2D incompressible irrotational �ow with velocity �eld u.
On the one hand, incompressibility (divu “ 0) implies that there is a so-called stream function ψpx, yq such
that u “ curlpψ ezq. On the other hand, due to irrotationality (curlpuq “ 0) it also exists a potential function
φpx, yq such that u “∇φ. In the end :

#

ux “
Bφ
Bx “

Bψ
By

uy “
Bφ
By “ ´

Bψ
Bx

or

#

ur “
Bφ
Br “

1
r

Bψ
Bθ

uθ “
1
r

Bφ
Bθ “ ´

Bψ
Br

in polar coordinates (8)

One de�ne the complex potential on an open set of C as follows :

f : U Ñ C

z ÞÑ φpx, yq ` i ψpx, yq, z ” x` i y

1) Show that f is a holomorphic function and give an expression of its derivative f 1pzq in terms of ux and uy .
2) Derive the following relation :

¿

f 1pzqdz “

¿

u ¨ dl` i

¿

`

uˆ dl
˘

¨ ez (9)
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where integration is over a closed contour in the complex plane, dl “ dx ex` dy ey` dz ez and the dot stands
for the euclidian scalar product.
The real part of (9) is the circulation of u along the contour whereas the imaginary part is the �ux of u across
this contour.
3) For the following complex potentials, use residue theorem to compute the circulation and the �ux, �nd the
velocity �eld and plot its �eld lines :
a) Vortex �ow : fpzq fl ´i Γ

2π Logpzq. Is the �ow irrotational everywhere ?

b) Source/sink �ow : fpzq fl λ
2π Logpzq

Bonus question : Apply the Green-Riemann formula to the imaginary part of (9). Is the source/sink �ow incom-
pressible everywhere ?

4 Solving an inhomogeneous ODE by the Green’s function method

We consider the following two points boundary value problem:
#

y2pxq ` 4ypxq “ e
x
2

yp0q “ 0 and y
`

π
4

˘

“ 0
(10)

1) What is a self-adoint equation ? What does “ homogeneous boundary conditions ” mean ? Why does it matter
in the Green’s functions method ?
2) Construct the Green’s function associated to (10) and use it to �nd the solution of this boundary value problem.
Justify brie�y the steps of your construction.
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