Written Examination for Mathematical Methods of Physics
2013.01.03 at 10:30-15:30

Allowed help: “Arfken and Weber” (or “Weber and Arfken”), “Physics
Handbook”, “Beta: Mathematics Handbook”

In order to get full credit:

1) Used formalisms should be clearly defined

2) All steps in your derivations that are based on references in the above books
should be clearly given through reference to the relevant equations or tables.

: : ex P!
1. Use calculus of residues to evaluate the integral I "
x
0

where 0 < p < 1. Gp)

2. Express the function f(x) = 35x* + 5x3 + 3x2 + 3 in terms of Legendre polynomials
(2p)

3. Use the Frobenius method to first find one (simple) solution to the equation:

2
x? :TZ + (x+ 1) % — y = 0 and then construct the second linearly independent solution

based on the first. You do not have to do the final integral but you do need to demonstrate
that your solutions solve the equation. (4p)

S2

4. Find the inverse Laplace transform of F (s) = m by solving the Bromwich integral.
s°+a

(Gp)

5. Water at 100° is flowing through a long pipe of radius a rapidly enough so that we can
assume that the temperature is 100° at all points. At t=0, the water is turned off and the
surface of the pipe is maintained at 40° from then on (neglect the wall thickness) of the
pipe). Find the temperature distribution in the water as function of r and ¢. Because of the

symmetry only a cross section of the pipe needs to be considered. (4p)
d?y dy e £ 2 =2t g e el .
6. Use Laplace transforms to solve Tz + 4 It + 4y = t“e 4" with initial conditions

¥(0) = y, and the derivative y'(0) = yj. (4p)

7. An oscillator is subject both to a dissipation and a driving force f{f) where
0 t<0
fle)=
4 exp(— t) t20

The equation describing the subsequent motion can be written
2

Z_ZX(t)+ 2,8%X(t)+ @, X(t)= (). Use the Fourier transform

~

g(w)= J—;_; J' G(t)expli @t Yt to show that the retarded Green function G,(¢) is given by



0 t<t' 1/2
G L = 2 _ n2 .
{t.t) {a){’ exp(— At —'))sin (=) t>¢ where o, (aJO B ) (Retarded
Green function has the cause preceding the effect). (4p)

8. The generating function for the Bessel functions is given by G(x,t) = exp (izc- (t - -t-))

a) Use the product G (x, )G (y,t) = G(x + ¥, t) to derive the addition theorem (1p)
Ja(x +9) = S Sk -k (¥)
b) Use the product G (x, t)G(—x,t) = 1 to derive the identity (2p)

1 = [Jo(x)]* + 2 ZazaUn(0]*

(Hint: Use the result from a) and known properties of the Bessel functions with integer
index.)

) dzy dy _ x
9. Solve the equation 22 | dx 2y = 18xe”. (3p)
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1. Use calculus of residues to evaluate the integral I

dx where 0 < p < 1. (3p)
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2. Express the function f(x) = 35x* + 5x3 + 3x2 + 3 in terms of Legendre polynomials

(2p)
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3. Use the Frobenius method to first find one (simple) solution to the equation:

2
x? ZTZ +(x+1) Z—: — ¥ = 0 and then construct the second linearly independent solution

based on the first. You do not have to do the final integral but you do need to demonstrate
that your solutions solve the equation. (4p)
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4. Find the inverse Laplace transform of F (s) = —S—Z)z by solving the Bromwich integral.
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6. Use Laplace transforms to solve =2 >+ 4- 24 + 4y = t?e~2! with initial conditions

¥(0) = y, and the derivative y (0) = yo (4p)
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7. An oscillator is sub

ject both to a dissipation and a driving force f{f) where
10)= { 0 t<0
Y

exp(— t) t20
The equation describing the subsequent motion can be written
d’ d
dt—zX(t)+ 2'87tX(t)+ w; X(t)= f(r

glw)= E_ i G(t)exp(i @i}t to show that the retarded Green function G,

) 0 t<t here

"= where w, =
G. (vt w7 exp(~ Bt~ ))sin(w,(t - 1) £ !
Green function has the cause preceding the effect).

). Use the Fourier transform
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8. 1he generating function for the Bessel functions is given by G (x, t) = exp G ( t— %))

a) Use the product G(x, t)G¢ (1) = G(x + y,t) to derive the addition theorem (1p)

Jn(e+y) = B8 [t (i ()

b) Use the product G (x, t)G (—x,t) = 1 to derive the identity (2p)

1=1o@)? + 237, ()]

(Hint: Use the result from a) and known properties of the Bessel functions with integer

index.)
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