
Written Examination for Mathematical Methods of Physics  

2017.10.27 at 08:00-13:00 

 
Allowed help: “Arfken, Weber and Harris” (or “Arfken and Weber”), “Physics 

Handbook”, “Beta: Mathematics Handbook” and the handed-out lecture notes 

from the course. 

 

In order to get full credit: 

1) Used formalisms should be clearly defined 

2) All steps in your derivations that are based on references in the above books 

should be clearly given through reference to the relevant equations or tables. 

 

Note that problems 6 - 9 are on the back. 

 

1. Use calculus of residues to evaluate the integral 
 

 



0

22

sin

axx

dxx
.  Specify the contour used!  

           (3p) 

 

2. Use a method based on contour integration to evaluate the sum ∑
1

(2𝑛−1)4
∞
𝑛=1             (4p)         

 

3a. Use the Frobenius method to find the odd and even solutions to the equation (derived from 

the quantum mechanical harmonic oscillator):  
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+ (𝐸 − 1)𝑦 = 0           

   

Determine values of the energy E such that the series terminate resulting in polynomials of 

finite order.                  (3p) 

b. Write down explicitly the polynomials corresponding to the three lowest energies as 

obtained from your expansion and give their energies (the units here are arbitrary).       (1p) 

 

4.  Use the Cauchy integral formula to construct a function  zf  satisfying the properties: 

(a)  zf  is analytic except for a simple pole of residue R at z=a and a branch cut  ,0  at 

which the function has a discontinuity      xgiixfixf  2 , 0x . 

(b)   0zf  as ,z and   0zzf  as .0z  

 Be careful with the specification of contours used and express the function in terms of R, a, 

and g(x).                   (3p)  

  

5. Three radioactive nuclei decay successively in series, so that the numbers 𝑁𝑖(𝑡) of the three 

types obey the equations 
𝑑𝑁1

𝑑𝑡
= −𝜆1𝑁1

𝑑𝑁2

𝑑𝑡
= 𝜆1𝑁1 − 𝜆2𝑁2

𝑑𝑁3

𝑑𝑡
= 𝜆2𝑁2 − 𝜆3𝑁3

                                (3p) 



 

If initially 𝑁1 = 𝑁,  𝑁2 = 0, 𝑁3 = 𝑛, find 𝑁3(𝑡) by using Laplace transforms. 

 

6. 𝑓𝑛(𝑥) are polynomials of order n (n= 0, 1, 2,…) which are mutually orthogonal on the 

range 0 to , with weight function exp(-x); that is, ∫ 𝑒−𝑥𝑓𝑛(𝑥)𝑓𝑚(𝑥)𝑑𝑥 = 0
∞

0
 if 𝑚 ≠ 𝑛. 

Find 𝑔(𝑥) such that the 𝑓𝑛(𝑥) as defined above satisfy the equation: 

𝑥
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 +  𝜆𝑛𝑓𝑛 = 0                  (2p)   

 

7. For 𝑚 = 0  the Bessel equation is 𝑥2 𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑥2𝑦 = 0. Assuming that you have 

found a first solution 𝐽0(𝑥) = 1 −
𝑥2
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36∙64
+ ⋯ show that a second solution 

exists of the form 𝐽0(𝑥)𝑙𝑛(𝑥) + 𝐴𝑥2 + 𝐵𝑥4 + 𝐶𝑥6 + ⋯ and find the first three 

coefficients 𝐴, 𝐵, 𝐶.                       (3p) 

 

8. An oscillator initially at rest with 𝑋(0) = 𝑋′(0) = 0 is subjected to a driving force f(t) 

where 𝑓(𝑡) = {
0 𝑡 < 0

𝛾𝑒−𝑎𝑡 𝑡 ≥ 0
  and a > 0.   

                      

The equation describing the subsequent motion can be written  

 
𝑑2𝑋(𝑡)

𝑑𝑡2
+ 𝜔0

2𝑋(𝑡) = 𝑓(𝑡).  

 

Use the Fourier transform to find the retarded Green function Gr(t) and use this Green’s 

function to construct the solution for X(t), t > 0. (The retarded Green’s function obeys 

causality, i.e. the response comes after the perturbation  tf ). Verify that your solution 

satisfies the initial conditions!                        (4p) 

 

9. A conducting sphere of radius a is divided into two electrostatically separated hemispheres 

by a thin insulating barrier at its equator. The top hemisphere is maintained at a potential 

𝑉0, and the bottom hemisphere at −𝑉0. Show that the potential exterior to the two 

hemispheres is 

  𝑉(𝑟, 𝜃) = 𝑉0 ∑ (−1)𝑠(4𝑠 + 3)
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where 𝑃2𝑠+1(𝑐𝑜𝑠𝜃) is the Legendre polynomial of order 2s+1               (4p) 

 

 

 






























