
FK7048 - Mathematical Methods in Physics

Exam 2018-11-02, 08:00-13:00

Allowed help:
the notes you made during the lectures/tutorials and the lecture/tutorial notes that are posted
on the course website. The course book, Arfken, Weber, Harris: Mathematical Methods for
Physicists. In case you use an electronic copy of the book and/or lecture/tutorial notes, the
only program that you are allowed to use on your device is a pdf reader with the above
mentioned material available. All other programs/apps should be closed. Mobile phones are
under no circumstances allowed!
First read the whole exam, and start with the exercises you think you’ll be able to best!
If you use a theorem in the solution of a problem, this should be stated explicitly. If you use
a result from the book, you should give a clear reference, such as an equation number.
Good luck! Eddy Ardonne

1. The 2⇡-periodic function f(x) is defined by specifying f(x) on the interval �⇡ < x < ⇡ as
f(x) = 0 for �⇡ < x  0 and f(x) = x for 0  x < ⇡.

(a) (4p) Express f(x) in terms of a Fourier series.

(b) (1p) Show that ⇡

2

8 =
P+1

k=1
1

(2k�1)2 .

2. (5p) Use the contour integration method to evaluate the integral
R +1
0

x sin(x)
x

2+a

2 dx where a is
an arbitrary real parameter.

3. We consider the following di↵erential equation:

xy

00(x) + (3� x)y0(x)� y(x) = 0 .

(a) (1p) Determine all the singular points of this equation, and their nature.

(b) (4p) Use Frobenius’ method to determine the general solution of this di↵erential equa-
tion.

4. We assume that the amplitude u(r, t) of a circular drum with radius a does not depend
on the polar angle �. The edge of the drum is held fixed, u(a, t) = 0. The amplitude is
described by the wave equation in polar coordinates,
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(a) (4p) Find the general solution of the wave equation for u(r, t), by separation of vari-
ables, for the given boundary condition. Denote the m

th zero of the Bessel function
J

⌫

(x) by ↵
m,⌫

.

(b) (1p) We now also impose the boundary conditions u(r, 0) = J0(↵2,0r/a) and
@u(r,t)

@t

���
t=0

=

0. Find the solution for this case.

5. Two identical, frictionless pendulums are coupled by a spring. It is given that the equations
of motion, in the small amplitude limit, are given by (↵ = g/l and � = k/m)

ẍ(t) + ↵x(t) + �(x(t)� y(t)) = 0 ÿ(t) + ↵y(t)� �(x(t)� y(t)) = 0 .

The initial conditions are x(0) = 0, ẋ(0) = v0, and y(0) = 0, ẏ(0) = 0.



(a) (4p) Solve the equations of motion for the given boundary conditions, using the Laplace
transform method.

(b) (1p) Does, for generic parameters, the system come back to its configuration at t = 0?
If so, at what time does this happen for the first time? If not, why not? Hint: start
by looking at ẋ(t).

6. The one-dimensional time-independent Schrödinger equation for the wave function  (x)
of a particle in a (finite) potential can be written as � 00(x) + U(x)  (x) = ✏  (x) where
U(x) and ✏ are the rescaled potential and energy (i.e., in units of ~2

2m).

A bound state is a state of energy ✏ such that ✏ < lim
x!�1

U(x) and ✏ < lim
x!+1

U(x). It

means that the particle is trapped in the potential and can not escape.

(a) (0.5p) Justify (in words) that for bound states lim
x!�1

 (x) = 0 and lim
x!+1

 (x) = 0.

(b) (1p) Show that the Hamiltonian H = � d

2

dx

2 + U(x) is an Hermitian operator. That is,
show that hHf, gi = hf,Hgi for any square integrable functions f and g vanishing at
infinity.

(c) (2.5) Let  1 and  2 be two bound-state solutions of the Schrödinger equation with
energies ✏1 and ✏2 respectively. For real, but otherwise arbitrary a, b, show that:

h
W ( 1, 2)

i
b

a

= (✏1 � ✏2)

Z
b

a

 1(x) 2(x)dx (1)

where W ( 1, 2) is the Wronskian of  1 and  2.

(d) (1p) Show that for one-dimensional potentials, bound states can not be degenerate.
This means that if two wave functions describe states with the same energy then they
are proportional.

7. The set of polynomials f
n

(x) of degree n � 0 satisfy the following di↵erential equation

(x2 � 4)y00(x) + 3xy0(x)� n(n+ 2)y(x) = 0 .

It is given that these polynomials have the following generating function g(x, t) = 1
1�xt+t

2 .

(a) (1p) Determine f0(x), f1(x) and derive the recursion relation that expresses f

n

(x) in
terms of f

n�1(x) and f

n�2(x).

(b) (1p) Determine the parity of f
n

(x) and calculate f

n

(2).

(c) (1p) Find the factor w(x), such that the di↵erential equation becomes self-adjoint.
Exploit the freedom in w(x) so that w(0) is real (answer: w(x) =

p
4� x

2).

(d) (1p) On which interval are the polynomials f

n

(x) orthogonal for the weight factor
w(x)? That is, determine a so that

R
a

�a

w(x)f
m

(x)f
n

(x)dx = 0 if m 6= n.

(e) (1p) Determine the normalization of the polynomials f
n

(x) for the weight factor w(x).

That is, determine
R

a

�a

w(x)
�
f

n

(x)
�2
dx.

In the exam, you are allowed to use that the following integral, with �1 < t < 1,

2

⇡

Z
⇡

0

sin2(↵)d↵

(1� 2 cos(↵)t+ t

2)p

takes the values 1, (1� t

2)�1
, (1� t

2)�3
, (1 + t

2)(1� t

2)�5 for p = 1, 2, 3, 4 respectively.






























